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PR E S S U R E  TRANSIENT ANALYSIS OF WEL LS W I T H  PA RTIAL - 
F L U I D - I N J E C T I O N  IN AN AN I S O T R O P I C  
P E T R O L E U M  R E S E R V O I R
C H A P T E R  I 
INTRODUC TI ON
P e t r o l e u m  r eservoi rs  are those r o c k  formations or 
portions of rock formations w i t h i n  the earth w h e r e i n  
h y d r o c a r b o n s  have been a c c u m u l a t e d  locally. Three physical 
pr o p e r t i e s  are inherent to any p e t r o l e u m  reservoir. First, 
it must posse ss porosity. Second, the r e s e r v o i r  must 
poss ess  permeab ility. Third, the r e s e r v o i r  must be a 
fluid trap of some sort.
B ec au se a reservoir  has p e r m e a b i l i t y ,  the space 
o c c u p i e d  by the r e s ervoi r fluids is an i n t e r c o n n e c t e d  
netw ork . The fluids w i t h i n  this c o n t i n u o u s  pore space are 
t h e r e f o r e  a common c o m p o s i t e  m i x t u r e  and they will possess 
s om e com mo n character. An ot her c o n s e q u e n c e  of the c o nti nu ity 
of the fluid containing pore space is that there will be a 
c o n t i n u i t y  of hy d r a u l i c  conditions w i t h i n  the reservoir.
The re co gnition  of such c h a r a c t e r i s t i c s  of p e t r o l e u m  
r e s e r v o i r s  has led to an u n d e r s t a n d i n g  that the fluid
b e h a v i o r  in one p o r t i o n  of a reservoir  cannot be co nsi dered  
se p a r a t e l y  from the fluid b e h a v i o r  in another  part of the 
r e s e r v o i r • A r e d u c t i o n  of pr ess ur e at one poin t is felt in 
all portion s of the reservoir. The sp e e d  of transm is sion  
of such effects is. of course, dep en dent upon the ind ividual 
c h a r a c t e r i s t i c s  of the res er voir and re s e r v o i r  fluids.
The i n t e r d e p e n d e n c e  b e t w e e n  re s e r v o i r  b e h a v i o r  and 
we ll  b e h a v i o r  is quite  broad. The type fluids injected 
into or pr od u c e d  from  a w e l l  and the rate at w h i c h  they 
w i l l  be in je ct ed or produ c e d  depend upon res er voir 
c h a r a c t e r i s t i c s  such as pressure, tempera tur e, pe rme ability 
pro perties, and the type of d i s p l a c e m e n t  m e c h a n i s m  in 
action, as we ll  as, upon the number of wells which  penetrate 
the r e s e r v o i r  and the mann er  in w h i c h  thewells are completed. 
Con versely, the o p e r a t i o n  of wells can control the me c h a n i s m  
by w h i c h  oil is pr od u c e d  from a given reservoir. Whe the r 
a re s e r v o i r  is under control of a w a t e r  drive or so lu tio n 
gas drive, for example, may depend upon the m a n n e r  in 
wh i c h  we l l s  are c o m p l e t e d  and operated.
In c o n s i d e r i n g  well b e h a v i o r  one o r d i n a r i l y  thinks 
of a p r o d u c i n g  well. Pr es ent  t e ch nology  often requires for 
many purposes the use of inj ec tion wells. E n g i n e e r i n g 
ca lc ul ations  for such wells may appear to re q u i r e  new con­
cepts or different  approa ches. So far as the m e c h a n i s m  
of reserv oir fluid flow is considered, it is of no c on­
se qu e n c e  w h e t h e r  fluid may be flowing into or from the
well. The refore, the e n g i n e e r i n g  techniques w h i c h  are 
a p p l i c a b l e  to pr o d u c i n g  wel l s  ought also to be a p p l i c a b l e  to 
in j e c t i o n  wells.
One of the commonly  us ed measu r e s  of p e r f o r m a n c e  
o n  a p r o ducing  w e l l  is the p r o d u c t i v i t y  index. The 
c o r r e s p o n d i n g  m e a s u r e  on the i n j e c t i o n  well has been termed 
i n j e c t i v i t y  index. E i ther can b e  defined as the rate of 
liquid tra nsf er through the w e l l  in barrels per day per 
poun d p r e s s u r e  drop b e t w e e n  the flowing b o t t o m - h o l e  p r e s s u r e  
a n d  the fo r m a t i o n  pressure. A n o t h e r  useful test on 
p r o d u c i n g  wells has b e e n  the b o t t o m - h o l e  p r e s s u r e  b u i l d u p  
curve. This is ob se rved by s h u t t i n g  in p r o d u c t i o n  and 
r e c or ding as a f u n c t i o n  of time the pr essure readi ngs 
o p p o s i t e  the p r o d u c t i o n  forma tion. An analogous test for 
i n j e c t i o n  wells is the bottora-ho1 e - p r es s u r e fall-off test. 
D u r i n g  flow, the i n j e c t i o n  w e l l  is a for ma tion p r e s s u r e  
source. W h e n  the i n j e c t i o n  s t r e a m  is cut off, the p r e s s u r e  
o p p o s i t e  the f o r m a t i o n  in the w e l l  tends to fall to some 
e q u i l i b r i u m  value. This p r e s s u r e  h istory  can be re corded 
in the same m a n n e r  as in the case of press u r e  buildup. 
I n f o r m a t i o n  of this n a t u r e  can be analyzed to yi el d the same 
type reservo ir  q u a n t i t i e s  as b o t t o m - h o l e - p r e s s u r e  b u i l d u p  
d a t a .
Conc l u d i n g  from the abo v e  analogies that the 
in d i v i d u a l  factors w h i c h  apply for produci ng  wel l s  may 
d i ffer  from those w h i c h  apply  to injection  wells, but one can
ne ve r t h e l e s s  ap p l y  the same general e n g i n e e r i n g  techni ques 
to bo th situations.
It is of c o n s i d e r a b l e  inte re st and i m p o r t a n c e  to be 
a b l e  to d e t e r m i n e  the c h a r a c t e r i s t i c s  of the r e s e r v o i r  in 
an area s u r r o undi ng  an i n j e c t i o n  well. These in c l u d e  the 
r e l a t i v e  amount of d a m a g e  or im p r o v e m e n t  ex is ting in the 
f o r m a t i o n  immedi a t e l y  at the we llbore . One of the factors 
co n t r o l l i n g  in j e c t i v i t y  of water, for example, in a wat e r  
floodin g re covery p r o g r a m  is the r e s i s t a n c e  of the f o r m a t i o n  
in the first few feet aroun d the wellbore . A c o m p a r i s o n  
of tests befo re  a n d  afte r wor ko vers w i l l  in di c a t e  the 
d e g r e e  of success a c c o m p l i s h e d  by the well treatment.
Similarily, d e t e r m i n a t i o n  of the e f f ective  p e r m e a b i l i t y  
of the f o r ma tion around the in j e c t i o n  w e l l  in c o n j u nctio n  
with skin effect, the i n j e c t i o n  rate, and the i n j e c t i o n  p r e s ­
sure wil l allow a b e t t e r  u n d e r s t a n d i n g  of the w e l l ’s performance,
Since p r e s s u r e  an alysis is a w e l l  d e v e l o p e d  te ch ­
ni q u e  in the industry, it was d esired to find me t h o d s  that 
apply to in j e c t i o n  wel ls whi ch would u t i l i z e  pr ev ious 
k n o w l e d g e  and data  of this sort.
In using p r e s s u r e  b u i l d u p  equ at ions in the analysis 
of pr oducing wells, we h a v e  dealt e x c l u s i v e l y  with the case 
of wells that c o m p l e t e l y  pe n e t r a t e  an iso t r o p i c  formation. 
T w o - d i m e n s i o n a l  r a di al s y m m e t r y  was ach iev ed, thereby, and 
the p ro bl em was gr e a t l y  simplified.
This ideal s i t u a t i o n  is sel dom e n c o u n t e r e d  in
practice. There fore, we mu st ask how d i f f e r e n t  woul d the 
resul ts be of such cases when we lls p e n e t r a t e  an a n i s o ­
tropic re s e r v o i r  and fluids are e f f e c t i v e l y  injected th rough 
o nl y a p o r t i o n  of the f o r m a t i o n  in question.
Thus, the p u r p o s e  of this st ud y is to utiliz e 
i n f o r m a t i o n  o b t a i n e d  from i n j e c t i o n  wells to :
1. I n v e s t i g a t e  the e f fe ct  of p ar tial fluid 
i n j e c t i o n  on p r e s s u r e  fa ll -of f curves
in the p r e s e n c e  of p e r m e a b i l i t y  a n i s o t r o p y
2. E s t i m a t e  the v e r t i c a l  and h o r i z o n t a l  
p e r m e a b i l i t i e s .
3. E s t i m a t e  the i n j e c t i v i t y  im pa i r m e n t  due to 
p ar ti al i n j e c t i o n  and p e r m e a b i l i t y  an isotropy.
C H A P T E R  II 
L I T E R A T U R E  SURVEY
In many pe t r o l e u m  reservoirs, it is a common 
o c c u r r e n c e  that a well is completed as par ti ally p e n e ­
trating, that is, only a po rtion of the zone is open to 
flow. It is often d e s i r a b l e  and nec es sary to c o m p l e t e  
a well w i t h  res tri ct ed fluid entry. This may be done for 
m a n y  reasons; one wo uld be to deli b e r a t e l y  prod uce from 
only a p ortion  of a f orma tion when bo ttom w a te rs u n d e r l i e  
the oil zone and the d i f f i c u l t i e s  of prem at ure w a t e r  b r e a k ­
through wo uld ensue from high well penetration s. A nother 
co mm on reas on  is to prevent u n d e s i r a b l e  zones or channels 
fro m thieving in jectio n water in water flooding programs.
A n o t h e r  important fact that is no rmally  e n c o u nter ed  
in p e t r o l e u m  rese rvoirs is the exist en ce of verti c a l  
pe rm ea bility . Vert ic al flow  is an important m e c h a n i s m  in 
m an y p e t r o l e u m  reservoirs. The k n o w l e d g e  of the average 
v e r t i c a l  p e r m eabili ty  of a f o r matio n is sometimes n e c e s s a r y  
to a n t i c i p a t e  prope rly  the p r oduct io n or injection p e r f o r ­
ma nc e of a reservoir.
In this chapter a close look is taken at the
i n f o r m a t i o n  c o nc er ning the effects of re st r i c t e d  fluid 
en tr y and the existence of v e r t i c a l  p e r m e a b i l i t y  on pr essure
b u i l d u p  analysis. Me thods of v e r t i c a l  p e r m e a b i l i t y  d e t e r ­
m i n a t i o n s  are also discussed.
Pa rtial P e n e t r a t i o n  Effects
The p r o b l e m  of fluid flow to wel l s  with par tia l
p e n e t r a t i o n  or rest ri cted entry has re ceived m u c h  a t t en ti on
21 2'4 2 5
in the last few years. A n u m b e r  of stea dy state * ’
2 3 4 2 2 30
and u n s t e a d y  state ’ ’ » > solut io ns have  ap peared
in the l i t e r atur e,  and methods  for a n a lyzing p r e s s u r e  data
2 5 26 2 7
h a v e  b e e n  prop o s e d  by s ever al  a utho rs  ’ ’ ’ .
A l t h o u g h  many diff er ent t e ch ni ques have b e e n  used
for s o l v i n g  the partial p e n e t r a t i o n  pr o b l e m  (namely, the
3 5 9 1 0 2 2  24
point s o u r c e  solu tion ' ’ ’ ’ “ , Fo ur ier and La p l a c e
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t r a n s f o r m s  ’ , Hanke l and Lap l a c e  transforms , Green's
functi ons ^^, finite d i f f e r e n c e s ^ ’ The a n a l y t i c a l
e x p r e s s i o n s  and the numeric al  results ob ta ined for
r e s e r v o i r  pressures by the dif f e r e n t  methods w e r e  identical.
The p a r t i a l l y - p e n e t r a t i n g  we ll  pr o b l e m  was first 
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s t u d i e d  by Muskat  for s t e a d y - s t a t e  conditions. He 
c a l c u l a t e d  pr es sure d i s tr ibution s and p r o d u c t i v e  capac ities 
for an a n i s o t r o p i c  syst em in w h i c h  the h o r i z o n t a l  and 
v e r t i c a l  p erme ab ilities  are not equal and co n c l u d e d  that the 
p r o d u c t i v i t y  depended sl ig htly on the p e r m e a b i l i t y  ratio 
CK ^/K^>0.1), Fig. 1. He also s h o w e d  that the s t e a d y  state 
p r o b l e m  is ide nt ical b e t w e e n  a w e l l  in an is o t r o p i c  and an
oÛ.9Ci C.3
Pe rmeab il ity Ratio
Fig. 1. Steady state h o m o g e n e o u s  fluid
p r od uction  cap ac ities of p a r t i a l l y  p e n e t r a t i n g
wells as a fun c t i o n  of the p e r m e a b i l i t y  ratio
K / K , ref er ence 2 1 .
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Pe n e t r a t i o n  Ratio
Fig. 2. Compa rison b etwee n f r a c t i o n a l   ^
loss of p r o d u c t i v i t y  ca lc u l a t e d  by Brons et al 
(solid lines) and M u s k a t -1 (dashed lines).
a n i s o t r o p i c  medium, w i t h  the only change that the radius 
of the we ll  and the exte r n a l  radius have to be m u l t i p l e d  
by (K^/K^).
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Nis le  s t u d i e d  the effect of p a r t i a l  p e n e t r a t i o n  
on p r e s s u r e  b u i l d u p  curves. He di s c u s s e d  m a i n l y  the effect 
of p arti al  pen e t r a t i o n ,  a s s u m i n g  that the f o r m a t i o n  wou ld  
be o p e n  from  its top to so me depth w i t h i n  the formation.
He used the i n s t a n t a n e o u s  point sour ce s o l u t i o n  to the 
di f f u s i v i t y  e q u a t i o n  to s o l v e  the constant flux, i s o t r o p i c  
problem. He c o n s t r u c t e d  sy n t h e t i c  pr es s u r e  b u i l d u p  
curves for v ar ious p e n e t r a t i o n  ratios, and found that the 
e x t r a p o l a t e d  b u i l d u p  curv es show two semi lo g s t r a i g h t  line 
portions for the case of partial pen etr ation . G e n er ally 
an early sl o p e  and a late sl ope may be recognized. The 
early slope is always s t e e p e r  than the late slope. It 
follows that if one uses the early slope to ca l c u l a t e  the 
t r a n s m i s s i b i l i t y , one w i l l  find a lower t r a n s m i s e ibility 
w h e n  using the late  slope. This means that the early slope 
re fle cts the t r a n s m i s s i b i l i t y  near the w e l l b o r e  only, wh e r e  
the late sl ope r e p r e s e n t s  the t r a n s m i s s i b i l i t y  of the total 
formation. N i s l e  s u g g e s t e d  that it was t h e o r e t i c a l l y  
po ss i b l e  to c a l c u l a t e  the p e n e t ra tion ratio  from the ratio 
of the slo pe of the late port ion to that of the sl ope of the
early p ortio n of the b u i l d u p  curve.
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Brons and M a r t i n g  s u p p le mented the findings of 
Ni s l e  and c o n c l u d e d  that partial p e n e t r a t i o n  gave
10
r i s e  to a pseudo damage, w k i c h  re f l e c t e d  itself as a skin
fact or in p r e s s u r e  b uildup  c a l cul at ions. Usin g the
pseu do skin, they c a l c u l a t e d  the impa i r m e n t  of p r o d u c t i v i t y
of the p r o d u c t i o n  wells, whi c h  agr ee d well w i t h  the results
of Muskat, Fig. 2.
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O d e h  used a finite c o s i n e  tra n s f o r m  to arri ve
at a solution for the steady stat e f l o w  p r o b l e m  w h e r e  the
o p e n  inter val was locate d a n y w h e r e  w i t h i n  the prod uc ing for- 
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mation. Odeh  also used the fini te cos in e t r a nsfo rm  to
d e r i v e  an a n a l y t i c  so lu ti on for pseudo s t e a d y - s t a t e  flow
of an oil well wit h limited entry and with an alter ed zone.
He found that the effec t of the limited entry and altered
zone can be acco un ted for by a skin factor. The compone nt
of the skin factor due to the a l t e r e d  zone can be calculate d
by a simp le  equation. This compon en t is m a i n l y  a fu nctio n
of the p e r m e a b i l i t i e s  of the f o r m a t i o n  and the altere d
zone, the total thi ck ness of the p r o d u c t i v e  sand, the
le ng th and lo ca ti on of the open interval, the radius of the
w e l l , the radius of the altered zone, and the ratio of the
h o r i z o n t a l  to the vertical perm ea bility.
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Ha n t u s h  solved the transi ent, aniso tropic,
p a r t i a l - p e n e t r a t i o n  problem by the s u c c e s s i v e  use  of L aPlace
and Fo urier tra nsfor ms  for the i n f i n i t e  rese rv oir case.
In his w o r k  he assumed the w e l l b o r e  radius was v a n i s h i n g
and the fl ow rate was u ni fo rm for each point along the
30
v e r t i c a l  sand s ection  open to flow. Seth extended
11
H a n t u s h ' s  work to b ounde d re ser voirs . Kazerai and Seth^^ 
i n v e st ig ated the combined effects of an i s o t r o p y ,  s t r a t i f i ­
c a tion  with crossflow, and r e s t r i c t e d  fl ow  entr y on pre ss ure  
tr a n s i e n t  analysis of f l o w  and bu i l d u p  tests. They  solved 
the p a r t i a l - p e n e t r a t i o n  pr o b l e m  by using a n u m e r i c a l  finite 
d i f f e r e n c e  model. They r e p r o d u c e d  H a n t u s h ’s s o l u t i o n  for 
the case of an infi ni te c o n d u c t i v i t y  inner b o u n d a r y  condition. 
They found that the p r o d u c t i v i t y  i m p a i r m e n t  chart of Brons 
and Mar t i n g  can be exte nded to include the effect of a n i s o ­
tropy. They also found that the c o n v e n t i o n a l  int e r f e r e n c e  
test analysis, w h i c h  are base d on total well pen etrat io n, 
are also app licab le  to reser v o i r s  with r e s t r i c t e d  flow 
entry. Gri ng a r t e n  and Ra me y^^ solved the in finite co nd uctivit y 
p a r t i a l  pe netrati on  pro b l e m  a n a l y t i c a l l y  by use of Green's 
functions. The met hod  used was to s u p e r i m p o s e  a number of 
d i s c r e t e  flux se gm ents of di f f e r e n t  str en gths such that the 
p r e s s u r e  at the cent er of each segment was the same. This 
a p p r o a c h  was first suggested  by Muska t, and aga in  later by 
Burns in a d i s c u s s i o n  of the paper by K a z e m i  and Seth ^ ^ .
g
Cl e g g  and Mills app lie d L a p l a c e  and H a n k e l  t r ansfo rm s to 
ar ri ve at an a p p r o x i m a t e  so lu tion to the pr o b l e m  of the 
p r e s s u r e  d i s tributi on s arising from the p r o d u c t i o n  of a 
co m p r e s s i b l e  liquid in a p a r t i a l l y  pe n e t r a t i n g  well. They 
c o n c l u d e d  that the effects of partial pene t r a t i o n ,  as 
r e f l e c t e d  in the pre ssu re o b s e r v a t i o n s  at the wells, are 
such that the u n p e r f o r a t e d  zone will  a p p e a r  to b e h a v e  as a
12
zo ne  w i t h  p e r m e a b i l i t y - t h i c k n e s s  pr o d u c t  K^h, and this
K  h  c h a r a c t e r i z e s  the un per f o r a t e d  s e c t i o n  of the formation,
»
Finally, des p i t e  the number of s t u d i e s  of the par tia l
2
p e n e t r a t i o n  problem, there is only one r e c e n t  stud y that
has co mbin ed  the effects of a f i n i t e - r a d i u s  well, w e l l b o r e
st orage, w e l l b o r e  damage, and the i n f i n i t e  c o n d u c t i v i t y  source
2
c on dition.  Bil ha rtz and Ramey used a tw o- dimen s i o n a l ,  
s i n g l e - p h a s e  finite d i f f e r e n c e  n u m e r i c a l  model to ge nera te  
d i m e n s i o n l e s s  pr essure vs. d i m e n s i o n l e s s  time graphs for a 
closed, an i s o t r o p i c  (r-&) circular model. The inner bo un dar y 
c o n d i t i o n  con si sted of a p a r t i a l l y - p e n e t r a t i n g ,  infinite 
c o n d u c t i v i t y  (hollow source) well i n f l u e n c e d  by a flux 
d e p e n d e n t  infin it e s i m a l  skin effect, and w e l l b o r e  storage.
The y co n c l u d e d  that the f l u x - d e p e n d e n t  i n f i n i t e s i m a l  skin 
ef fe ct ch anges the zero skin curve by an a d d i t i o n a l  amount 
equal to the di m e n s i o n l e s s  skin f a ct or for all times. And 
w e l l b o r e  stora ge  causes two periods of fl ow prior to joini ng 
the zero st o r a g e  curve. Fig. 3. The fi rst per iod is the 
s t o r a g e  co nt rol  period. For this period, the press ure 
r e s p o n s e  for partial and co mp lete p e n e t r a t i o n  is the same. 
Af t e r  the initial period, a t r a n s i t i o n  fro m w e l l b o r e  storage 
c o n t r o l  to the usual zero storage  c u r v e  takes place.
Ve rti c a l  P e r m e a b i l i t y  D e t e r m i n a t i o n  
The f o r mati on  ve rt i c a l  p e r m e a b i l i t y  is often a 
d o m i n a n t  i n f lu en ce in reservo ir re cov e r y  p r o ce sses with
13
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v e r t i c a l  fluid flow such  as wat e r  or ggs coning, g r a v i t y  
d r a i n a g e  of high reli ef reserv o i r s ,  and d i s p l a c e m e n t  by 
w a t e r  or gas in a h e t e r o g e n e o u s  formation. H o w  r e l i a b l y  
n u m e r i c a l  res ervoir s i m u l a t o r s  can predict the r e c o v e r y  
p e r f o r m a n c e  of these p r o c e s s e s  depends  upon h ow  
a c c u r a t e l y  the s i g n i f i c a n t  res e r v o i r  parameters are 
es tim ated. Core m e a s u r e m e n t s  of ve rt i c a l  p e r m e a b i l i t y  do 
not n e c e s s a r i l y  r e p resent e f f e c t i v e  in-situ values. Cores 
m a y  be r e p r e s e n t a t i v e  of only loc ali zed pockets of hi gh 
or low pe rm eability, and total re li a n c e  on cores m i g h t  cause 
on e to o v e r l o o k  the p r e s e n c e  of verti c a l  fract ures a l t o g e t h e r  
Transien t p r e s s u r e  techniques for esti ma ting 
i n - s i t u  ve rt ical p e r m e a b i l i t y  have been introduced by
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Bu r n s  and by Prats “ • B o t h  tec hni qu es requi re i n j e c t i o n  or 
p r o d u c t i o n  at a c o n s t a n t  rate from a short perfo r a t e d  i n t e r ­
v al  and m e a s u r e m e n t  of the p r e s s u r e  response at an o t h e r  
p e r f o r a t e d  interval that is isolated from the first by a 
packer. The i n t e r p r e t a t i o n  t e c hnique  of Burns req ui r e d  a 
c o m p u t e r - g e n e r a t e d  type curv e or a si ngl e - p h a s e  n u m e r i c a l  
r e s e r v o i r  simulator. Th is  t y p e - c u r v e  appr oa ch is a p p l i c a b l e  
for an an iso tro pic, h o m o g e n e o u s ,  infinite re servoir  model, 
and the nu m e r i c a l  s i m u l a t o r  w i t h  a r egr es sion anal y s i s  
p r o g r a m  is need ed for f i n i t e  or layered res ervoir models.
T he tec hn ique pre sented by Prats did not require a co mputer 
p r o g r a m  b ecause the r e s u l t  of the analysis was pr e s e n t e d  on 
a sing le graph. The h o r i z o n t a l  and ve rt ical p e r m e a b i l i t i e s
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could b e  es tim at ed from the slope and the int ercept of the 
p r e s s u r e  resp o n s e  and the a p p r o p r i a t e  v a l u e  from the graph. 
The m e t h o d  of Prats was based on an infinite, anis ot ropic 
h o m o g e n e o u s  reser vo ir model.
B o t h  the Burns and Prats m e t h o d s  req u i r e  two-point 
w el l testing. That is, they re quire injec ting or p r o du ci ng 
at a co ns ta nt  rate th rough one set of p e r f o r a t i o n s  w h i l e  
m e a s u r i n g  the pre ss u r e  re sp o n s e  o p p o s i t e  anoth er set of 
p e r f o r a t i o n s  isolated from the first by a packer. Perhap s 
b e c a u s e  of this ela bo rate procedure, two-p oint v e r t i c a l
p e r m e a b i l i t y  tests are seldo m performed.
2 7
R a g h a v a n  and Cl ark examined  the a p p l i c a b i l i t y  of 
the sp h e r i c a l  flow equations to a wel l prod ucing from a 
limi ted  section of a thick a n i s o t r o p i c  formation. They 
c o n c l u d e d  that the ve rtical p e r m e a b i l i t y  may be ob ta ine d 
using the sp he ric al flow a p p r o x i m a t i o n  from  the slope of the 
p r e s s u r e  d r a w d o w n  a n d/or buildup g r a p h s  if the h o r i z o n t a l  
p e r m e a b i l i t y  is known. This c a l c u l a t i o n  is u n a f f e c t e d  by 
the m a g n i t u d e  of the Van Ev erd i n g e n  and Hur st skin effect. 
However, time checks are essential to insure that the proper 
strai g h t  line was chosen. And the h o r i z o n t a l  p e r m e a b i l i t y  
may be o b t a i n e d  using the spheric al  flow a p p r o x i m a t i o n  if 
the skin effect is negligible, or if the skin effect can 
be d e t e r m i n e d  by an in depende nt  study.
Finally, Bilhartz and Ramey' s study suggests that 
v e r t i c a l  p e r m eabilit y can be evalua te d from a d r a w d o w n  test.
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They  emphasize, however, that the p r o c e d u r e  depends upon 
early time dr aw down data for small w e l l b o r e  storage effects 
Thus the method may be d i f f i c u l t  or im po s s i b l e  to ap p l y  if 
w e l l b o r e  storage is signific ant.
TRANSIENT PRESSURE ANALYSIS
CHAPTER  III
P r e s s u r e  testing of wells was ge n e r a l l y  limited 
to the d e t e r m i n a t i o n  of p r o d u c i n g  and stat ic m e a n  f o r mati on  
pr ess ures. In this so-called "s ta ti c" m e a s u r e m e n t s ,  a 
p r e s s u r e - m e a s u r i n g  devic e was lower ed to the b o t t o m  of a 
w el l whi c h  had been clo se d for a period of time. These 
stati c m e a s u r e m e n t s  sufficed to indicate the p r e s s u r e  in 
permea ble , high p r o d u c t i v i t y  reservo irs. However, it was 
soon re co g n i z e d  that in most  f o rm at ions the stat ic pres sur e 
m e a s u r e m e n t s  were ve ry m u c h  funct io ns of cl o s e d - i n  time.
T h e  lower the p e r mea bi lity, the lon ger the time requi red for 
the p r e s s u r e  in a w e l l  to eq ua li ze at the p r eva il ing 
r e s e r v o i r  pressure. Thus, it was re al iz ed very early that 
the r a p i d i t y  with which p r e s s u r e  bu i l d u p  or falloff occurred 
w h e n  a well was cl o s e d - i n  was a r e f l e c t i o n  of the p e r m e a b i l i t y  
of the r e s ervoi r r o c k  around that well. This q u a l i ta tive 
o b s e r v a t i o n  was an importa nt step in de ve l o p i n g  an u n d e r ­
s t a n d i n g  of well pres s u r e  behavior. This u n d e r s t a n d i n g  led 
to the other basic type of measur ement, called transient 
p r e s s u r e  testing. In this type of m e a s ure me nt, the pressure 
v a r i a t i o n  wit h time is re corded after  the flow rate of the
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w e l l  is changed. It is this type of m e a s u r e m e n t  w h i c h  is 
m a inly  our concern.
In this chapt er a p r e s e n t a t i o n  of b a s i c  p r i n c i p l e s  
and the oret ic al equation s used in the analy sis of well  
tests w i l l  be made.
Basic to this d i s c u s s i o n  is u n d e r s t a n d i n g  of the 
theory of fluid flow in p o r o u s  media, R e v i e w  of the 
f u n d a ment al  concepts is c o n t a i n e d  w i t h i n  this chapter, 
l ar gel y in sum mar y form.
The D i f f e r e n t i a l  Equa tion for 
Flu id Flow in Porous Media
Flow in porous m e d i a  is a very c omplex  p h e n o m e n o n
and cannot be de scribed as expli citly as flow throu gh
pipes and conduits.
A m a t h e m a t i c a l  d e s c r i p t i o n  of fluid flo w in a
por ous  m e d i u m  can be o b t a i n e d  by a c o m b i n a t i o n  of the
18
f o l l o w i n g  ph ysi cal  pr in c i p l e s  :
(1) The law of c o n s e r v a t i o n  of mass;
(2) Darcy's law w h i c h  states that the rate of
flow of a h o m o g e n o u s  fluid per un it  cross
s e c tional area at any point in a u n i f o r m
porous m e d i u m  is: u = w h e r e  u =
r w 3 r r
v e l o c i t y  in p o s i t i v e  r; K = p e r m e a b i l i t y ;
^ = potential; p = density; g = g r a v i t a t i o n a l
a c c e l e r a t i o n .
(3) Equation(s) of state.
h  I7 if + fi = ■f’ H  (3-1)
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This is known as the di f f u s i v i t y  equation, and in 
7
this g en eral form * descr ibes the flow p o t e n t i a l  g e n e r a t e d 
by the m o v e m e n t  of a fluid t hroug h a porous m e d i u m  subject 
only to the r e s t r i c t i o n s  cite d for the c o n t i n u i t y  equ ati ons 
a nd  Da rc y's law. However, in this general form, the 
e q u a t i o n  is n e ar ly i m p o s s i b l e  to solve for the potential. 
V a r i o u s  s i m p l i f y i n g  a s s u m p t i o n s  and bo un d a r y  c ond it ions are 
u s e d  d e p e n d i n g  upon the type of re s e r v o i r  p r o b l e m  to be 
studied. S o l u t i o n  to all r e s e r v o i r  en gi ne e r i n g  pr oblems 
w h i c h  in vo lve  the flow of fluids in the r e s e r v o i r  are b a s e d  
on a s o l u t i o n  to some form  of the d i f f u s i v i t y  equation.
The Ideal R e s e r v o i r  Model
Se v e r a l  s i m p l i f y i n g  as sum ption s about the w e l l  and 
r es e r v o i r  to be mo d e l e d  must be made befo re  develop me nt, 
a n a ly sis, and desi gn tec hniq ue s of pr essure testing. Th e s e  
a s s u m p t i o n s  are n e ed ed  to co m b i n e  the above m e n t i o n e d  
p h y s i c a l  pri nc i p l e s  in orde r to obtai n sim ple and useful 
s o l u t i o n s  to the e q u ations  d e s c r i b i n g  our situation.
The a s s u m p t i o n s  made in the de v e l o p m e n t  of pre ss u r e  
an alysi s theory are s u m m a r i z e d  as follows:
1. Radial flow into a w e l l  opened over 
e n t i r e  thickness of formation;
2. H o m o g e n e o u s  and is o t r o p i c  porous media;
3. P o r o s i t y  and p e r m e a b i l i t y  constant 
( in depende nt of pressure);
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4. Fluid of small and consta nt  com p r e s s i b i l i t y ;
5. Co nstant fluid vi sco sit y;
6. Small p r e s s u r e  gradients;
7. N e g l i g i b l e  gr a v i t y  forces; and
8. Rock  and fluid pr ope r t i e s  are in d e p e n d e n t  
of pressure.
The detail s of this w o r k  are only  o u t l i n e d  here 
but  can be found in ref e r e n c e  18. Emp ha s i s  w i l l  be only 
on the results of this analysis.
Now c o n s i d e r  radial flow toward a we ll  in a ci rcular 
reservoir. If we c o m b i n e  the law of c o n s e r v a t i o n  of mass 
and Darcy's law for the i s o t h e r m a l  flow of fluids of small 
and constant c o m p r e s s i b i l i t y - - a  high ly s a t i s f a c t o r y  model 
for single phase flow— we o b t a i n  a partia l d i f f e r e n t i a l  
equation  w h i c h  si mp l i f i e s  to:
+__________ ____ ♦ E £ _  i £  (3.2)
r 3r .0 00264K 3t ^
This equation, na m e d  the di f f u s i v i t y  equat ion, is w r i t t e n  in 
terms of field units, the term — — — ig called the
(j)pC
2
h y d r a u l i c  diffusiv it y, w h i c h  is in ft /hr. Pressure, P,
is in psi; distanc e, r, is in ft.; porosity, <p, is a
fraction; vis co sity, p, is in c p ; c o m p r e s s i b i l i t y ,  c, is in
-1
psi , pe rm ea b i l i t y ,  K, is in m d ; and time, t, is in hours.
S ol uti ons  to D i f f u s i v i t y  Equatio n 
Ther e are three sol utions to e q u a t i o n  (3.2) whic h 
are pa rt ic ularl y useful in w e l l  p r e s s u r e  testing  (see Fig. 4)
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w H T
B o u n d e d  R e s e r v o i r 
Case
9P
3 r
3P
9r
I n f i n i t e  R e servoi r 
_________ Case_________
P ->• P ^  As r ^
Fig. 4. Sche ma tic d r a w i n g  of ge ometry  
and b o u ndarv co n d i t i o n  for radial  flow
constant  rate case, M a t t h e w s 18
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(1) The s o l u t i o n  for a b o u n d e d  c y l i n d r i c a l  
r e s ervoir w i t h  a well a s s u m e d  to be 
located  in the center of a cy l i n d r i c a l  
r e s e r v o i r  w i t h  no flow acr os s the exteri or  
boundary, and
(2) The s o l u t i o n  for an i n f i n i t e  r e s e r v o i r  
w i t h  a w e l l  cons i d e r e d  to be a "line 
source" wi th  zero w e l l b o r e  radius, and
C3) The s e m i - s t e a d y - s t a t e  solution.
B o u n d e d  dirc u l a r  r e s e r v o i r . The a n a l y t i c a l  s o l u t i o n  of 
e q u a t i o n  Q . 2) requi res  the e x i ste nc e of at least two 
bo u n d a r y  condition s and an initial condition. A realis tic 
and p r a c t i c a l l y  useful s o l u t i o n  is o b t a i n e d  if the foll ow ing 
as s u m p t i o n s  are made;
1. A well  is p r o ducin g at constan t rate,
'A P
q B , into the wellbor e, -—
3 r
= S M   . .
r 2 n Kh r ’ 
w w
2. The well, w i t h  w e l l b o r e  radius r , is
w
cente r e d  in a c y l i n dri ca l r e s e r v o i r  of
radius r , and that there is no flow across 
e
the outer bou nd ary; = 0 ;  and finally
e
3. The res e r v o i r  is at u n i f o r m  pressure , at 
time = 0.
The most useful form of the des i r e d  s o l u t i o n  relates 
f lo wi ng pressure, P^^, at the sandface, to time and to 
r e s e r v o i r  rock and fluid prop erties is given by Ru s s e l l  and 
M a t h e w s :
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141.2 quB 3 ”
+ In r - —  + 2 E 
e.
D n=l
h n  " " d )  I _  , ,
where,
r = r /r 
8d e w
C„ = 0. 000264 Kt/<j>y cr^
Dw w
and where the ct are the roots of 
n
Jl(*n '^e„> ■'! - ■'l <“ n> ' °
and w h e r e  and are Bessel functions.
The most im portant fact about eq uatio n (3.3) is to 
no te  that it is an exact solution to equa t i o n  (3. 2) al ong with 
the a s s u m p t i o n  made.
It is not n e c e s s a r y  to use eq ua t i o n  (3.% in its 
c o m p l e t e  form to cal c u l a t e  the nu m e r i c a l  values of ^ ; 
inste ad,  li mi ti ng forms of the so lu t i o n  are used for 
c o m p u t a t i o n s .
I n f i n i t e  Reser vo ir With Line Sourc e Well
The so lutio n to this case is an a p p r o x i m a t e  s o l u t i o n  
to the exact so lu t i o n  above. The simples t s y s t e m  one can 
v i s u a l i z e  is a uniform, ho mogeneo us , infi ni tely large 
re se rvoi r,  i.e., P->P^ as r ->■ “ p e n e t r a t e d  by a s i ngle w e l l  
of radius r^. In most  cases the w e l l b o r e  radius is very 
sm al l compared to both  the dimensions of the r e s e r v o i r  as
24
w e l l  as the d i s t a n c e  b e t w e e n  wells. Thus the w e l l b o r e  may 
be  c o n s i d e r e d  to ha ve a v a n i s h i n g  small radius. This 
leads to the co n c e p t  of a "lin e- s o u r c e "  well.
A s s u m e  that we pro d u c e  a well at a constant rate 
qB; that b e f o r e  p r o d u c t i o n  begins, the r e s e r v o i r  is at 
u n i f o r m  pressure , P^. U n d e r  these condit ions, the s o l u t i o n  
to e q u a t i o n  (3.2) is:
P .  p .  +  7 0 . 6  % )  ( 3 . 4 )
w h e r e ,
P, the p r e s s u r e  at dist ance r from  the w e l l  at time t.
Ç, h y d r a u l i c  d i f f u s i v i t y  ’ and - (-x) is a
m a t h e m a t i c a l  f u n c t i o n  kn o w n  as the ex p o n e n t i a l  integra l  
and is g i v e n  by
-E . (-x) = 1  —  du (3.5)
A t a b u l a t i o n  of this function is given in Tab l e  1.
If the a r g u m e n t  of the expo ne n t i a l  in tegral is small enough 
(x < 0.5), then the e x p o n e n t i a l  i n t e g r a l  may be repl ac ed 
by the f o l l o w i n g  relation:
-E^(-x) : l n ( x ) + . 80907 (3.6)
w h e r e  In (x) is the natural l o g a r i t h m  of x.
In terms of dimens ionless va r i a b l e s  E q . (3.4) may be 
w r i t t e n  as^^; 2
’’d ■ - 1  " i f r r r )
E t —  ^ tn - |  + 0.80907/; > 0
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whe re , the d i m e n s i o n l e s s p r e s s u r e  is
" ,141.2 quB ( ^1 “ * (3.8)
the di me ns i o n l e s s  time is
)
0.000264Kt n %
•"d ■ “ T  r ~
<t)Uc r
w
The d i m e n s i o n l e s s  radiu s is
r_ = r/r (3.10)
D w
In Eq. (3.9); r^ is the w e l l  radius (feet), and t is the time
(hrs.). Eq u a t i o n s  (3.8) and (3.9) are in field units (psi,
hours, m d , STB/day, cp, RB/ST B, psi ^). The d e f i n i t i o n  of
d i m e n s i o n l e s s  p r e ssures  p ^ , and di mensi o n l e s s  time, t^, in
e q u a t i o n s (3.8) and (3.9) a re  com monly r e f e r r e d  to as the
Van E v e r d i n g e n  and Hur st  defin i t i o n s .  Note that all
d i m e n s i o n l e s s  groups are d i r e c t l y  p r o p o r t i o n a l  to the named
real variable,
A table of d i m e n s i o n l e s s  pr es s u r e  and d i m e n s i o n l e s s
time for a gi v e n  p r o b l e m  is an easy way of p r o v i d i n g  a
s o l u t i o n  to the p r o b l e m  of i n t e r e s t  w i t h o u t  going into
c o m p l e x  m a t h e m a t i c a l  details. If real time data b e h a v e  in
a m a n n e r  an alogous to the p^ vs t^ d a t a  se lec ted, then the
m o d e l  f o r m u l a t i o n  is a co r r e c t  one.
8
The line sour ce  s o l u t i o n "  is s h o w n  g r a p h i c a l l y  in
Fig. 5. Thou gh  the a b o v e  s o l u t i o n  co r r e s p o n d s  to a
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v a n i s h i n g  small radius, M u e l l e r  and W i t h e r s p o o n  ha ve  
sho w n  that this s o l u t i o n  is also a p p l i c a b l e  for a w e l l  of 
f i n i t e  radius. They c o n c l u d e d  that the line s o u r c e  solu ti on
26
is an a d e q u a t e  a p p r o x i m a t i o n  for locations r^ ^ 20 for all
Ü —
2 2 '> 
t„/r_ and for all r_. for t„/r^ 25. Their s o l u t i o n  is
Ü Ü  U  Ü  D  —
s h o w n  in Fig. 6.
S e m i - S t e a d y - S t a t e  S o l u t i o n
The s e m i - s t e a d y - s t a t e  so lution Is s i m p l y  a li miting
form of eq uation (3.3), w h i c h  describes p r e s s u r e  b e h a v i o r
wit h time for a we ll c e n t e r e d  in a c ylind ri cal res ervoir of
radius r .
e
The values in eq ua tion (3.3) take on m o n o t o n i c a l l y  
i n c r e a s i n g  values as n increases; i.e.,
Thus, for a given  val u e  of t , the exp onent ia ls decrease
2 ^ _ 2
m o n o t o n i c a l l y  1 2 Dw^ ^ . Also, the Bessel
f un ct ion po r t i o n  of the terms of the series becom es  less
as n increases.  Thus, as t^^ becomes large, the terms for
lar ge n b e c o m e  p r o g r e s s i v e l y  small. For t„ s u f f i c i e n t l y
Dw
large, all the terms of the su m m a t i o n  b e c o m e  n e g l i g i b l y  
smal l and e q u a t i o n  (3.3) be co m e s :
^wf = ^i ■ 141-2 ^   ^ + 1" ""e. " 4 ) (3-11)
Note that, d u ri ng  this time period (which turns out to be,
r^
(t>______________ Ê______ ), the rate of pr ess ure d ecline at the
( 4 ) ( 0 . 0 0 0 2 6 4 ) K
w e l l  duri ng s e m i - s t e a d y  flow can be found by d i f f e r e n t i a t i n g
e q u a t i o n  (3.11) with respect to time,
3P
' wf _ 3P ^
31 31 3 1
3 P
 wf ^ _ . 0745 q B
3t ' * c  h r ^  (3.12)
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Since  the f l u i d - f i l l e d  por e volume of the reservoir, V^,
I S
then
3P. f
= - 0 . 2 3 4 q B / c V p  (3.13)
Thus, the rate of pr essu re  declin e is i n v erse ly  
p r o p o r t i o n a l  to the f l u i d - f i l l e d  pore volume. This fact 
is the basis for s o - c a l l e d  " re se rvoir limit tests," whic h 
seeks to d e t e r m i n e  r e s er voir size from the rate of pressure 
d e c l i n e  in a w e l l b o r e  w i t h  time.
Ano t h e r  i n t e r e s t i n g  fact is that the d i f f e r e n c e  
b e t w e e n  the ave r a g e  r e s e r v o i r  pressur e and the flowin g 
w e l l b o r e  p r e s s u r e  is con st ant during s e m i - s t e a d y - s t a t e  
f l o w . The v o l u m e t r i c  av e r a g e  pressure w i t h i n  the draina ge 
v o l u m e  of the w e l l  is
P = P. - 4 (3.14)
^ n () c r h
e
S u b s t i t u t i o n  of eq uation  (3.14) into equ at i o n  (3.11) gives;
w /
Since the p r o d u c t i v i t y  ind e x  of the wel l is d ef in ed as
J = ----3-----  (3.16)
E q u a t i o n  (3.16) implies that during se m i - s t e a d y  st ate flow 
the p r o d u c t i v i t y  index is constant.
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Skin Effect
In practice, w e  find that most wells are e i th er 
d amage d or sti mu lated. E q u a t i o n  (3.4) fails to m o d e l  such 
w el l s  properly; e x p l i c i t  in its d e r i v a t i o n  was the a s s u m p t i o n  
of u n i f o r m  p e r m e a b i l i t y  t hr oughout  the dr ainage area  of the 
w e l l  up to the we l l b o r e .  In many cases, it has b e e n  found 
that the p e r m e a b i l i t y  of the f o r m a t i o n  ne ar  the w e l l b o r e  
is reduced as a resu lt of d r i l l i n g  and c o m p l e t i o n  practi ces . 
I n v a s i o n  by d r i l l i n g  fluids, d i s p e r s i o n  of clays, p r e s e n c e  
of a mud cake and of cement, and p l u g g i n g  of p e r f o r a t i o n s  are 
some of the factors r e s p o n s i b l e  for this r e d u c t i o n  in 
p e r m e a b i l i t y .
Thus the s a n d - f a c e  pr es s u r e  of dama ged or s t i m u l a t e d
we ll s can be m o d e l l e d  usi ng the l o g a r i t h m i c  a p p r o x i m a t i o n
for the E ^ - f u n c t i o n  in e q u a t i o n  (3.4) and by i n t r o d u c i n g  an
a dd it i o n a l  p r e s s u r e  drop  AP^, r e f l e c t i n g  either d a ma ge or
st imula ti on . ,
1.78 r
Pwf = Pi + 70'* 1* (- 4Ct " ) - APs (3.17)
Thi s ad di t i o n a l l y  p r e s s u r e  drop is p r o p o r t i o n a l  to the
rate, qB; and a skin  factor, s, can be q u a n t i t a t i v e l y
31
defined, after Van E v e r d i n g e n  , as a constant w h i c h  relates 
the pr es sure drop in the skin to the d i m e n s i o n l e s s  r a t e  of 
f low :
A? = 141.2 1^—  (s) (3.18)
s i^ n
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Thus equat i o n  3.12 can be w r i t t e n  as 
= Pi + 70.6 ^  (in f"' - 2 s )  (3.19)
If the damag ed or s t i m u l a t e d  r e g i o n  n e a r  a w e l l b o r e  is 
co ns i d e r e d  to be an "al te red zone" of u n i f o r m  p e r m e a b i l i t y
and radial extent r ^ , the skin factor, s , is related to
14
these a ltere d zone prop erties  by :
s = (|----- 1) In (3.20)
Some ph ys i c a l  s i g n i f i c a n c e  of the sign of the sk in 
factor may be o b t a i n e d  from e q u a t i o n  (3.20); If a well is 
da maged (K^<K), s wi ll  be positive. It should be noted 
that there is no upper limit for s; som e newly drilled 
wells  may not flow at all prior to stim u l a t i o n ,  for example; 
for these well s K 0, and s ->■ If a well is neither
d amage d nor stimulated,  that is the p e r m e a b i l i t i e s  are 
equal (K = K^), s = 0. Finally, if the perm e a b i l i t y  in 
the skin is g reater  than that in the f o r m a t i o n  (K^> K ) , 
as from  sti mula tion, s will  be negat ive.
It is very important to point out that ex i s t e n c e  
of an al t e r e d  zone near a p a r t i c u l a r  w e l l  affects only the 
pr ess u r e  near that well, i.e., the p r e s s u r e  in the 
un a l t e r e d  formati on  away from the well is not af fe cted by 
the existe nce of the al tered zone.
E f f e c t i v e  W e l l b o r e  Radius
N o ting  that it is not p o s s i b l e  to o b tain both 
the radius of the skin and its p e r m e a b i l i t y  from eq uat io n
32
(3.20) even if K, s and r are known, an e f f e c t i v e  w e l l b o r e
w
radius can be de fi ned  in order to a l l e v i a t e  this diffi culty. 
y
This radius, r , wou l d  be such that it makes the c a l c u l a t e d 
p re ss u r e  drop in an ideal  re s e r v o i r  equal to that in an
act ual  r e s e r v o i r  w i t h  skin. Thus,
, ^
In — . = In —  + sr  ✓ r
w w
or
r j  = r, (3.21)
/
If s is positive, the e f f e c t i v e  w e l l b o r e  radius r is sm al ler
w
than r^. If s is negative, the e f f ec ti ve w e l l b o r e  radius
is larger than r .
w
Radius of I n v e s t i g a t i o n
The radius of i n v e s t i g a t i o n  is simply the dis tan ce
that a pr essu re  transient has mov ed  into a fo rmation
f o l lo wi ng a rate change in a well. To show the s i g n i f i c a n c e
of this radius, co ns id er the f o l lo wi ng example:
A v o l u m e  of liq uid  is in je c t e d  i n s t a n t a n e o u s l y
into a well. From the s o l u t i o n  to the d i f f u s i v i t y  eq uati on
for an in s t a n t a n e o u s  line sour ce  in an infin ite  r e s e r v o i r ^ ^ ’
2
éhcr
iP (line) - - P. = “  <3. 22)
W he r e  Q is a co ns t a n t  relat ed  to the st ren g t h  of the in­
st a n t a n e o u s  source.
The distance, r, at which the pressure d i s t u r b a n c e  
is a m a x i m u m  at time t can be o b t a i n e d  by d i f f e r e n t i a t i n g  the
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ab ov e e q u a t i o n  w i t h  respect to time and se tti ng the 
d e r i v a t i v e  equal to zero:
2 2 
~ &ucr ^
^  . Q the 4Kt - 0(<j)pc)^r 4Kt
3t ■ 2 ®-------------   Ô---- T" e = 0
4 nKt (4K)2 nt^
<î> Uc 
Kt"
(3.23)
^ ' <i)uc
and in field units it is; r = A ç  t
E qu at i o n  (3,23) can also be mod if ied to estimate
the leng th of time re quire d to achi eve the m a x i m u m  press ur e
d i s t u r b a n c e  at radius r for an in st antaneous  source
t = r ^ / 4 Ç (3.24)
Fr o m  eq uation (3.24), the time r e q u i r e d  for a p r e s s u r e
tra ns ie nt to re ach the b o u n d a r i e s  of a re se rv oir where
stabi l i z e d  con di t i o n s  prevail can also be determined.
For example, if a well has a d r a i n a g e  radius r ^ , then
if r = r and time t = t , the time re qui red  to reach the
e b
boundary, then
2
e
t b  = ( 3 . 2 5 )
t^ can be d e s crib ed  to be the time at whic h s e m i - s t e a d y — 
state flow begins. It must be pointed out n o w  that 
equat i o n  (3.22) is correct only for a h o m o g e n e o u s  and i so­
tropic c y l i n drical reservoir.
Principl e of S u pe rp ositio n 
The solut ion to the d i f f u s i v i t y  equ ati on p r e sente d
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ea rlier  was a p p l i c a b l e  only for d e s c r i b i n g  the pr essure  
d i s t r i b u t i o n  in a r e s e r v o i r  for the c a s e  of a co ns t a n t 
v o l u m e t r i c  rate of f l o w  at flowing b o t t o m  hole  con ditions 
b e g i n n i n g  at time zero. In general, ho we ve r, a well will 
not h a v e  produced or injected into at c o n s t a n t  rate t h r o u g h ­
out its life. For this situation, a v e r y  powerful  
m a t h e m a t i c a l  te c h n i q u e  commo nl y re fer r e d  to as the princi pl e 
of s u p e r p o s i t i o n  is used.
To develop the p r i nc iple of s u p e r p o s i t i o n  and 
gain an u n d e r s t a n d i n g  of its use, co ns i d e r  the sim ple case 
of a we ll which flows at three d i f f e r e n t  f l o w  rates as 
shown in Fig. 7. In this case, the w e l l  produ ces at rate 
q^, from  time 0 to time t^; at t ^ , the rate is change d to 
q^; and, at time the rate is cha nge d to q^.
The first p r e s s u r e  drop in r e s e r v o i r  p r e s s u r e  is 
c o n t r i b u t e d  by p r o d u c i n g  the well  at rate q^, st arting  at 
t = 0. Assuming  that the well has skin, then from eq ua tion
(3.19):
2
(3.26)
Stating at time t^, the new total rate  is q ^ . In 
order that the total r a t e  after t^ is the re quired q ^ , a 
w e l l  2 located at the same po sitio n in the reservo ir  will  be 
turned on to flow at rate (q^-q^) s t a r t i n g  at t^.
Thus the p r e s s u r e  drop in the r e s e r v o i r  due to 
we l l  2 is:
P r o d u c  tien 
Ra te
Q
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Fig. 7. P r o d u c t i o n  h i s t o r y  of a well 
with st ep w i s e  i n c r e a s i n g  flow rate.
P r e s s u r e
^ w f
t tt
Fig. 8. P r e s s u r e  h i s t o r y  of a well 
with s t e p w i s e  i n c r e a s i n g  flow rate.
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, ) w B /  .445 \
; (C-t")' 2 s )
(3.27)
Note that the total time si n c e  well 2 st ar ted flow ing ac 
qg is ( t - t ^ ) .
Si m i l a r l y  the p r e s s u r e  drop in the r e s e r v o i r  due to 
a third w e l l  is:
(3.28)
Therefore, the total p r e s s u r e  drop in the r e s e r v o i r  due to 
a well that flows at three di f f e r e n t  flow rates is:
total - + ■^ '■3
-70.6 q. pB / .445r  ^ \ 70.
= — ^ ^  - 4 -  —  Kh
.445r 2 \ 70.6 (qo-q^)pB
;(t-t^) " Kh
.445r 2 \
ç(t-t^) " 2 y  (3.29)
Co n c l u d i n g  from the above example, the pri n c i p l e  
of s u p e r p o s i t i o n  can be stated, for pr a c t i c a l  purposes, in 
the follow ing manner: "The total p r e s s u r e  drop at any point
in a r e s e r v o i r  is the sum of the press u r e  drops at the 
point caused by flow in each of the wells in the reservoir  
as If each well we re  alone in the r e s e r vo ir,"
6 (q2-qj^)pB
C H A P T E R  IV
P R E S S U R E  F A L L - O F F  A N A L Y S I S  
OF W A T E R  I N J E C T I O N  W E L L S
U n s t e a d y - s t a t e  p r e s s u r e  analy se s of b u i l d u p  tests 
h a v e  long been recog nized as a v a l u a b l e  and re li a b l e  tool 
for de t e r m i n i n g  r e se rvoir flow c h a r a c t e r i s t i c s .  This one 
topic has received m u c h  essential r e s e a r c h  for the last 20 
years. As s i m i l a r  i n f o r m a t i o n  about w ater i n j e c t i o n  is
equally useful in ope r a t i n g  w a t e r - f l o o d i n g  and p r e s s u r e  m a i n -
. . . .  12, 15, 16, 23tenance projects, seve ral i n v e s t i g a t i o n s
studied the a p p l i c a t i o n  of the fluid flow e q u at ions w h i c h  have 
been developed for p r o d u c i n g  wells to i n j e c t i o n  wells.
These authors h ave c o nf irmed that these same equa ti ons are 
also a p p l i c a b l e  to i n j e c t i o n  wells p r o v i d i n g  s u i t a b l e  m o d i f i ­
cations are ma d e  for the di f f e r e n c e s  in the d i r e c t i o n  of flow
and in the p h y s i c a l  c h a r a c t e r i s t i c s  of the fluids.
23
Nowak and Lester re po rted that, the oreti ca lly, 
in an injectio n wel l  the flow of w a t e r  into the fo r m a t i o n  
w i l l  continue as long as the s a n d - f a c e  p r e s s u r e  is gre a t e r  
than the reservoi r pressure. They also o b s erved that, in 
practice, upon stopping inj e c t i o n  and op ening  the w e l l h e a d
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to a t m o s pheric pressure, some wells b a c k f l o w  wat er  for 
time intervals ranging from several se c o n d s  to several 
hours althoug h the s a n d-fac e pressure, as calculate d from 
the h y d r o s t a t i c  head, is consi de rably g r e a t e r  than the 
stat ic  r e s er vo ir pressure. Further, fi el d ob servati on s  
i n d i c a t e d  that upon shu tt i n g  in a w a t e r  i n j e c t i o n  well, the 
w e l l h e a d  pr es s u r e  does not drop off im medi at ely, but a 
p r e s s u r e  d ec line occurs lasting from s e v e r a l  seconds to 
s evera l days. These o b s e r v a t i o n s  make it evident that w h e n  
an  i n j e c t i o n  we ll  is shut in, a re sid ua l p r e s s u r e  lingers 
in the v i c i n i t y  of the w e l l b o r e  which is greater than the 
a ve ra ge r e s er voir pressure. This resid u a l  pr essure declines 
first rapidly, then m o r e  slowly to the sta ti c re s e r v o i r 
pressure; thus it is called p r e s s u r e  fall- off.
Q u a n t i t a t i v e  Analy sis of P r e s s u r e  
Fa ll-Of f Tests
The m a t h e m a t i c a l  analy sis of p r e s s u r e  fall-off curves 
in volves c o n s i d e r a t i o n  of two disti n c t  processes:
1. P r e s s u r e - r i s e  during injecti on, and
2. P r e s s u r e  fall-off during s u b s e q u e n t  shutin.
In the first, the p r e s s u r e  w i l l  r i s e  sim ila r to the 
lo werin g of the p r e s s u r e  in oil pr o d u c i n g  wells. In the 
latter, the pr es sure fall-off is si m i l a r  to pressure b u i l d ­
up in an oil pr od uc ing well.
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P r e s s u r e  R i s e  D u r i n g  Injection 
For a h o m o g e n e o u s  in fi nite reservoir, the p r e s s u r e  
d i s t r i b u t i o n  s a t i s f y i n g  the basic gove rn ing d i f f e r e n t i a l  
e q u a t i o n  can be o b t a i n e d  by i n t e g ra ti ng a unit i m p u l s e  point 
s o u r c e  w i t h  respe ct to t i m e  and space.
The basic g o v e r n i n g  d i f f e r e n t i a l  eq ua tion is;
K +  K  +  K  ( 4 . 1 )
The so lut i o n  to e q u a t i o n  (4.1) is given in the Kelvin
6,15
instantaneous point source ;
AP (x, y,e,t) = j- -------------------------------------+
8(n t^K K K ) ' L V
X y 2
y 2 __l
W h e r e  Q is a c o n s t a n t  relat ed to the s t r e n g t h  of the
i n s t a n t a n e o u s  source.
The so lution to the p artia l d i f f e r e n t i a l  e q u a t i o n  
r e p r e s e n t e d  by e q u a t i o n  (4.2) is called the p r e s s u r e  due to 
an i n s t a n t a n e o u s  point s o urce of strength Q at ( x ', y ’ , z') 
at t = 0. In sp e c t i n g  e q u a t i o n  (4.2), it is found that as 
t 0 , the e x p r e s s i o n  tends to zero at all poi nts  except
at (x*, y ’ , z ') where it b ecom es  infinite.
In A p p e n d i x  (C), it is shown the solutio n (4.2) sat i s ­
fies the partial d i f f e r e n t i a l  eq uation  (4 .1 ),
In order to o b t a i n  the con tin uo us inf ini te line source, 
we must i n t egra te  e q u a t i o n  (4.2) w i t h  respect to the space
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va ri ab le, thus;
AP(li»e) = - Q (.4 ; C' 2 ,------ ^  +
4 4,c (II^t^K K ^ \
X y
-  (ir)]
V f  ( - (4-3)
-00 * <))1JC
we have,
2 IX .2erf X = ---- y e d Ç , and/ ÎT o
2
erf 00 = — ;
/ H 0
A t a b u l a t i o n  of this f u n c t i o n  is given in Table (2)
Let I = /4 K, t] 1/2 
M u c  /
then d f =
z ^ x l /2 
I (j)yc /
T h e r e f o r e ,
00
e d f
Since the error f u n c t i o n  is symmetric, e q u a t i o n  (4.^ is unity; 
and e q u a t i o n  (4.3) becomes:
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AP(line) = - —^ 5— r r yz exp
4 (n t^K K
X y
C4.5)
W h i c h  is the s o l u t i o n  for the i n s t a n t a n e o u s  infi n i t e  line
source.
If the liquid inj e c t i o n  rate is q^, the total injection, 
Q, in the time interval, dt, is
let r^ = (x-x*)^ + (y-y')^
The r e s e r v o i r  is h o m o g eneou s by de fini t i o n ,  then i n t e ­
gratin g equat ion (4 . 5) with respect to time
let t = T-t'
d t = - d t * '
As t ’ ->0, t ^ T  
t ’ ->■ T , t -> 0
^ 4K(T-t') T - t ’
^i^ J  -4>pcr^ dt
4ÏÏK r 4K(T-t') T - t ’ (^-7)
' o
let V -
4 K ( T - t ’) ’ 
2
4> P cr ' , ,
dv dt ’
V T-t'
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AS f  . 0 ,
t ’ T , V
E q u a t i o n  (4.7) becomes
^  fnK I
/ Â
4P = 4 } 2 ® ^  (4.8)
■jiycr 
4Kt
The integral in e q u a t i o n (4.8) is by d e f i n i t i o n  the 
exp on enti al  fun cti on E^, w h e r e
du
In eq ua tio n (4.8), q^ is the i n j ec ti on rate per unit 
l e ngth  of the infinite line source, hence
qi = -q/h,
w h e r e  ~q is the total in j e c t i o n  over a portion, h , of the 
infinite line source. E q u a t i o n (4.^ can be w r i t t e n
“  - f n l i r  h  ( - ( 4 - 9 )
and in oil field units
(- h  (r -îfr))4P - (- ■r^') I (4.10)
Therefore the t h e o r etic al  rise in p r e s s u r e  ? at radial 
d i s t a n c e  r from an inj ec tion well caused by i n j ecting  at rate 
-q into an infinite reservo ir  of u n i f o r m  t h i ck ne ss and p e r m e a ­
b i l i t y  can be calcu lated  b y  e q u a t i o n  (4.10).
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E q u a t i o n  (4.10) may then be a p p r o x i m a t e d  as shown
2
e ar li er if v a l u e s  of are r e l a t i v e l y  small, e.g., when r 
is equal to the w e l l b o r e  radius 
Thus :
P^^(t)-P^ = 162.6 ^ o g  t - log ^ ’4 4 ^  ^  (4.12)
P^j(t)-P. - 162.6 ^  Ijog t - log (1 .6 8 * 1 0 l 4 “k'"' )^ 7
(4.13)
In equat io n (4.13) the slope  of the st ra i g h t  line plot 
is r e p r e s e n t e d  by the quantity on the o u t s i d e  of the brackets 
U s u a l l y  the u n k n o w n  factors occurring in the sl op e of the line 
are  K and h .
I n j e c t i v e  Capacity
E s t i m a t i o n  of the injecti ve  c a p a c i t y  of the reservoir, 
the pr od uct  Kh, is poss ib le by p l o t t i n g  the o b s e r v e d  in jec ­
tion p r e s s u r e  P against log t and e v a l u a t i n g  the slope of
w -t
the r e s u l t i n g  strai ght line (equation 4.13) to c a l c u l a t e  K h .
Press u r e  Fall-Of f D u ri ng Sh ut-in 
Co ns id er the case of a well that is c h a r g i n g  our in­
f i nite  acting reservoir, that the f o r m a t i o n  and fluids have 
u n i f o r m  p r o p e r t i e s  so that the f u n c t i o n  s o l u t i o n  applies. 
It is assumed that the well is inside a zone of a lt ered p e r ­
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m e a b i l i t y  and that the we ll has been i n j e c t i n g  at a constant 
f l o w  rate, -q, d u r i n g  a c o n s i d e r a b l e  time, t, prior to shut 
i n . If the p r e s s u r e  d e c l i n e  up on  clo s i n g  in is recorded  as 
a f u n c t i o n  of the clo sed in time, At, and only those pre ssure 
d e c l i n e s  are used  af t e r  the effects of s t o r a g e  have died 
down. By s u p e r p o s i n g  a p o s i t i v e  rate, +q, so that the rate 
of i n j e c t i o n  to the f o r m a t i o n  be comes zero, see Figure 9, 
then;
2
-q yB
Pws - Pi = -7 0 ' *  Kh
/ .445 r >
r"" Ç (t+At) - 2 s/
-7 0 . 6  (in  2 s) C4.14)
Kn V  r At /
2
o  r 
; ' '
-qu B (, t±l
(ics ^^  =  “ 2 . 6  — ;  C 4 . 1 5 )
Because  the i n j e c t i o n  rate is not he ld  constant over 
the i n j e c t i o n  h i s t o r y  up to the time of shut - i n ,  use of 
H o r n e r ' s  a p p r o x i m a t i o n  will f a c i l itate s this problem. The 
s t a b i l i z e d  i n j e c t i o n  rate q^ is s u b s t i t u t e d  for q and the 
p s e u d o - i n j e c t i o n  time, t^, for t in equa t ion ( 4 . 14).
t (hr) = 
P
C u m u l a t i v e  v o lume of wat er injected STB*
STB
S t a b i l i z e d  in j e c t i o n  rate q
Th e r e f o r e ,  e q u a t i o n  (4.15) becomes
-q UB t + At
- "i ■ “ 2.6 log (4.16)
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I n j e c t i o n
Rate
+q
TIME
shut in 
time
-q
A t
Fig. 9. S u p e r p o s i t i o n  of flowrate for 
s h u t t i n g  in a well.
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From e q u a t i o n  (4.16), a plot of shut -in b o t t o m  hole 
pressure, P „ g > v e r s u s  the lo g a r i t h m  of time after a well is 
shut in yie lds a cu r v e  with  a straight line section. Figure 
10. Further, the a b s o l u t e  va l u e  of the slope, m, of this 
straight line shou ld be;
m = 162.6 (4.17)
The slope of the straigh t line can be d e t e r m i n e d  by 
me asu reme nt . As v a l u e s  for q, B, m, and h are kno wn or can 
be estimated, the p e r m e a b i l i t y  may be ca lculated from e q u a ­
tion (4.17). The c a l c u l a t e d  eff ective  p e r m e a b i l i t i e s  when 
compared w i t h  p e r m e a b i l i t y  valu es obtained by other means, 
as from  core a n a l y s e s  and in jectiv it y indices, have been 
useful in evalu a t i n g  well completions. E f f ec ti ve p e r m e a ­
bility value s c a l c u l a t e d  from pressure fall-off curves are 
p a r t i c u l a r l y  usef ul b e c a u s e  they represent the actua l 
effectiv e p e r m e a b i l i t y  to the flowing liquid of the f o r m a ­
tion away from the w e l l b o r e  to the bo un dary of the reservoir, 
If, for example, a p e r m e a b i l i t y  value  in dicate d by 
injectivity index for a given well is lower than that i n d i ­
cated by an an al y s i s  of a press u r e  fall- off  curve, the well 
evi de nt ly has been da m a g e d  by comp l e t i o n  or i n j ecti on  
m e t h o d s .
Ca lc ul a t i o n  of Skin Factor
The sk in  factor, s, can be d e te rm ined from the ide a l ­
ized pres s u r e  fall off test theory. At shut-in time, the
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D i s t o r t i o n  caused by
ws
s t o r a g e  and/o r skin effects
3 21010 10
t+At
At
Fig. 10. H o r n e r  F a l l - O f f  Type Plot
D i s t o r t i o n  caused by st or age
ws
a n d / o r  skin effects
-1 0 1 2 310 10 1010 10
At
Fig. 11. Mi 1 1 e r - D y e s - H u t c h i n s o n  Fall -O ff Type Plot
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fl o w i n g  b o t t o m  hole pressure, ^ is
2
P - = P. - 70.6 
w f , s 1
or
P  ^ = P. - 1 6 2 . 6 f^og ------------. 8 7 s }  ( 4 .18)
s 1 Kh çt /w f , 
F r o m  equa tion (4 .15)
^ws ■ ^
Co m b i n i n g  (4,15) and (4.18)
.445r ^ t+A t
p - p  = - m log  ' + .87s ^ m l o g  .
wf, s ws ; t
P ’ -P ,445r ^ t-4-A t
s =  1.151 ^  + 1.151 log — ---+ 1.151 log — —
m çt
^wf s - ^us .445r ^
s = 1.151 ^  + 1,151 log ^ ^ + 1.151
m ^At
log (4.19)
It is conve n t i o n a l  practice to cho ose a fixed shut-in 
time. At, of one hour and the c o r r e s p o n d i n g  shut in pressure, 
P^^^, to use in e q u a t i o n  (4.19). Usin g this simplification, log 
is ne gli gib le. Thus,
s = 1.151 ./ihr _  !L_ + 3.23 (4.20 )
m (bp cT
w
The a d d i t i o n a l  pressure drop, ( a P)^, acro ss the altered
zone can be ob tai ned  us i n g  the slope, m :
since (Ap) = 141.2 ^ ( s )  
s Kh
Thus, in terms of m
( A P ) g = .87 ms (4.21)
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In a d d i t i o n  to d e t e r m i n a t i o n  of f o r m a t i o n  p e r m e a b i l i t y  
and sk in  factor, the str ai g h t  line p o r t i o n  of the f a l l - o f f  
cu r v e  may be e x t r a p o l a t e d  to infin i t e  shut in time, i.e.,
- =  1 to o b ta in the o r i g i n a l  f o r m a t i o n  pressu re, P^.
C o n v e n t i o n a l  p r a c t i c e  in the in dus tr y is the use of 
eit he r the H o r n e r  or M i l l e r - D y e s - H u t c h i n s o n  (MDH) s e m i - l o g  
graphs. For b u i l d u p  or fa ll- o f f  the Horn er  m e t h o d  in volves 
p l o t t i n g  the shut in pressure, P v e r s u s  (t+At)/At w h e r e  t 
is the " p r o d u c i n g  or i n j e c t i n g  time" and At is the shut in 
time (F igure 10). In the M D H  m e t h o d  the shut in p r e s s u r e  is 
gr a p h e d  as a f u n c t i o n  of shut in time. At, F i gure 11,
Q u a l i t a t i v e  A n a l y s i s  of Press u r e  Fal l-Off Tests
In orde r that the f o r e g o i n g  pr ess u r e  fa ll -off e q u a ­
tions apply, the f o l l o w i n g  w e 1 1 - fl u i d - r e s ervoir co nd i t i o n s
w e r e  imposed;
1. A s i ng le w e l l  of i n f i n i t e s m a l  d i a m e t e r  p e n e ­
trates the e n tire  thickne ss of the r e se rv oir,
2. The w e l l  is c h a r g i n g  the re s e r v o i r  at a constan t 
ra te d u r i n g  injection;
3. The fluid is a single  phase of co ns tant v i s c o s i t y  
and of cons t a n t  small c o m p r e s s i b i l i t y ;  and
4. The r e s e r v o i r  is h o m o g e n e o u s  of in fin it e radial 
e x t e n t .
The  r e s t r i c t i o n s  cited above have va r y i n g  d e g r e e s  of
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I m p o r t a n c e  and effe ct in actua l practice. Some of these 
l i m i t a t i o n s  can be h a n d l e d  by i n c o r p o r a t i n g  s u i t a b l e  m o d i f i ­
c at io ns in the m a t h e m a t i c a l  analysis,  or by c h o o s i n g  sui ta b l e 
porti o n s  of the d a t a  w h i c h  p r e d o m i n a n t l y  re fl ect  the b e h a v i o r  
in the regi on  of the r e s e r v o i r  un d e r  investig at ion.
A study of the l i t e r a t u r e  as s u r e s  that the size of the 
w e l l b o r e  d i a m e t e r  can be co nsi d e r e d  neg li gible.  The effect 
of the v a r i a t i o n  in i n j e c t i o n  rate and of other wells  in the 
r e s e r v o i r  can be c o n s i d e r e d  by use of the s u p e r p o s i t i o n  
p r i n c i p l e .
In wa t e r  i n j e c t i o n  ope rations, the r e s t r i c t i o n  of a 
single phase fluid is f lowi ng  offers fewer u n c e r t a i n t i e s .
If the fluid m o b i l i t y  and c o m p r e s s i b i l i t y  are c o n s i d e r a b l y  
d i f f e r e n t  ahead of the flood front from those in the w a t e r e d  
out region, a chan ge  of the p r e s s u r e  fall-off curve should 
be ob se rv ed in the l a t t e r  part of the shut in time. If 
liquid and gas are f l o w i n g  si mult a n e o u s l y ,  eq u a t i o n s  d e s c r i b ­
ing two phas e flow  m u s t  be used in the analy sis . They have
19be en  d i s cuss ed  by M i l l e r ,  Dyes, and H u t c h i n s o n  . A m e t h o d  
w h i c h  wo ul d apply w h e n  there is a gas s a t u r a t i o n  was de v e l o p e d  
for p r e s s u r e  b e h a v i o r  in water i n j e c t i o n  wells by Haz ebr oc k,  
Rainbow, and M a t t h e w s
The r e s t r i c t i o n  on the size of the res ervoir can be 
o v e r c o m e  since if the d a t a  are ob tained  during early i n j e c ­
tion history, the r e s e r v o i r  will behav e as if it wer e in finite 
in size.
Another  important c o n s i d e r a t i o n  that is n e c e s s a r y  for 
the pr es s u r e  fall-off curv e to re fl ect  the p e r m e a b i l i t y  of the 
for matio n to water, enough  water must have  been inj ec ted b e ­
fore the test to insure that the p r e s s u r e  drop as r e f l e c t e d 
in the m e a s u r e m e n t s  will occur e n t i r e l y  in the wat e r  phase. 
Mo re ov er, the liquid s a t u r a t i o n  of the f o r m a t i o n  shoul d be 
h i g h  e n ou gh  to pr ec lude the p o s s i b i l i t y  of a c o n t i n u o u s  gas 
phase. Hence, this t e c h n i q u e  appli es to liquid fil led r e ­
serv oir s w i t h  m o b i l i t y  of the injec ted  fluid e s s e n t i a l l y  equal 
to the m o b i l i t y  of the i n-situ  fluid. If the unit m o b i l i t y  
ratio c o n d i t i o n  is not satisfied, re s u l t s  of this t e c h n i q u e  
ma y not be valid. However, if the r a dius of i n v e s t i g a t i o n  is
not beyond the water Cinjected fluid) bank, valid an al y s i s  
can be ma de for p e r m e a b i l i t y  and skin, but not for stati c
r e s er voir pressure.
As i d e  from the skin effect, another factor c a u s i n g  a 
d e v i a t i o n  b e t w e e n  obser ved and t h e o r et ical pr essu re  fall-off 
behavior. This factor is a function of fluid c o m p r e s s i b i l i t y  
as well  as the storage ca pac i t y  of the well for the flo win g 
fluid. Be ca use  the cond i t i o n s  giving rise to the factors 
occur s in the w e l l b o r e  region, they affec t the shape of the 
p r e s s u r e  fall-off curve in the early por t i o n  of the shut in 
t i m e .
In fall-off  tests on water i n j ec ti on wells, the 
storage  f r e q u e n t l y  changes from c o m p r e s s i v e  w e l l b o r e  s torage
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to falling fluid level. One of the best me t h o d s  for el i m i ­
na t i n g  this pr o b l e m  is to go to a two-rate f a l l - o f f  test.
A two-ra te fall-off test is run by inject ing at a r e la tively  
h i g h  rate and then d e c r e a s i n g  the in j e c t i o n  rate w h i l e  
o b s e r v i n g  the p r e s s u r e  d e c r e a s e  as a result of the rate 
de c r e a s e .  If rates are c h o s e n  correctly, su r f a c e  pr es s u r e  
is m a i n t a i n e d  and ch an g i n g  w e l l b o r e  s torage  effects  are 
e l i m i n a t e d .
C H A P T E R  V 
M A T H E M A T I C A L  MODEL
The a s s u m p t i o n  of an is otro pi c porous m e d i u m  has been 
in m o s t  of the app li c a t i o n s  of the d i f f u s i v i t y  equation.
This was because so lutions  are muc h easier to o b t a i n  if the 
pe rmeabilit y, vis cosit y,  and d e n s i t y  terms can be r em oved from 
the left side of e q u a t i o n  (3.1).
Since the v i s c o s i t y  can be consi d e r e d  constant, as 
in the case of N e w t o n i a n  fluid s^the den s i t y  c a n  be rep la c e d 
w i t h  po te nti al or p r e s s u r e  in many systems of interest, 
w h e r e  the fluid is sli gh t l y  compres s i b l e ,  the d i f f u s i v i t y  
e q u a t i o n  for an is o t r o p i c  porous me dia  will be chosen such 
that the perme a b i l i t y  will be included on the left side of 
the equation. Thus, for a h o m o g e n e o u s  m e d i u m  w i t h  small and 
c o n s t a n t  c o m p re ssibili ty , and unstea dy  state fluid  flow:
&  + I7  " k  B  I f  (5.1)
The form of e q u a t i o n  (5.1) can be s i m p l i f i e d  using
21
M u s k a t ' s  change of va ria b l e s .  The change of va r i a b l e s 
w il l amount to the t r a n s f o r m a t i o n  of this e q u a t i o n  to a new 
c o o r d i n a t e  system in whi ch the axes are still o r t h o g o n a l
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but are functions of the old axes and the pro per  p e r m e a b i l i t y  
term. This can be d o n e  by def in i n g  a new C a r t e s i a n  c o o r d i ­
n a t e  s y st em  (x, y, z) such that:
X =
A
X
y = " ; and
AT
y
—  g
" ^ / r  '
* \
W i t h  first partial deri v a t i v e s :
= l =
^  3y 9g
X
iz = 1—  . iz = li = 0
3y ’ 9x 3s
_ y _
= 1—  . i z  = i i = o
/F" 3y
«
B e c a u s e  the m e d i u m  is h o m o g e n e o u s  by de f i n i t i o n ,  K , K and
X y
K w i l l  be c o n s i d e r e d  co n s t a n t s  (a lthoug h p r e s u m a b l y  unequal) 
e
T h e r e f o r e ,  they can be mov e d  o ut side the p a r e n t h e s e s  in each 
te rm  to obtai n a s l i g h t l y  di f f e r e n t  form of eq uat i o n  (5.1):
\  ^  f ?  I f  (5-2)
U s i n g  the c h a i n  ru le for d i f f e r e n t i a t i o n  and s u b s t i ­
tut ing for the p a r t i a l  d e r i v a t i v e s  w i t h  re sp ect to x, y and 
g such as:
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3x 3x 9x
= (^= ^ )  “
^ 9x 3x / E  / K
X X
= 4 :  ( %  ^
9 X 3 X X
3 ,3P\ _ 3^P
3X 3X 3 x “
it fo ll ows  at once:
+  +  = 4UC ( 5 . 3 )
3x 3y 3a
This e q u a t i o n  n ow looks ex ac tly like the e q u a t i o n  for 
an iso tropi c p o ro us  m e d i u m  for so lut i o n  purposes. It is a 
sec ond  order, linea r partial d i f f e r e n t i a l  equation.
It thus ap p e a r s  that the effect of ani so t r o p y  in the ■ 
p e r m e a b i l i t y  can be repla c e d  by an e q u i v a l e n t  sh r i n k i n g  
or e x p a n s i o n  of the coordinates.
The gen e r a l  so lu ti on would give P as a f u n c t i o n  of x , 
y and s. It w o u l d  be n e c es sary to c h ange the b o u n d a r y  c o n d i ­
tions using the t r a n s f o r m  equati ons before the co n s t a n t s  of 
i n t e g r a t i o n  could be evalu at ed once obtained as a c o m p l e t e  
solution, ho we ver, the t r a nsfor m equ ations may be ag a i n  used 
to pl a c e  the s o l u t i o n  in terms of the axes of the an i s o t r o p i c  
porous medium.
In equat ion (5.2), the gravity effect is ignored. The 
ge o m e t r y  of the p r o b l e m  is shown in Figu re 12.
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No flow upp er  b o u n d a r y
Opened interval
Closed in terval
No flow lower 
boundary
Fig. 12. 
p r o b l e m .
D i a g r a m  of the geometry of the
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The initial and bo un d a r y  c o n d i t i o n s  are as follows:
1, The initial r e s ervoir  p r e s s u r e  is constant
P (x, y, », 0) = (5,4)
2, The reservoir is infinite, the p r e s s u r e  remains
u n c h a n g e d  at infinity.
(5.5)
3, No flow of fluids acros s the upper or lower 
b o u n d a r i e s .
g p  g p
(x, y, 0, t) = —  (x, y, h, t) = 0 (5.6)
4. T h e  flow into the open in terval is constant, 
9P
= " < 2 <
(5.7)
u i i c V  ^  c  i i x i i u c i . v c t x x a <
...^
 ^  0 ; h < g < h
w
For injection, q, is p o s i t i v e  ( + ) .
From Chapter IV, the i n s t a n t a n e o u s  point source solu ­
tion to the partial  d i f f e r a t i o n a l  e q u a t i o n  5.2 is:
iP (x.y.s.C) = e.p j Î
8(n t \  K K )l/2 L 4 C  I ij
X y g'
(5.8)
Ir. order to o b tain the i n s t a n t a n e o u s  line source of
length h  ^ we must in tegrate eq ua tion (5.8) alo n g  this line.
3 PThe bo undary co n d i t i o n  to be sa ti sf ied is --  = 0 in the
3 2
b o u n d a r y  plane, taken to be the x-y plane. I n t r o d u c t i o n  of
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the image^ Q of length h^ and located as shown in F i g u r e  13 
ac co mp lishes  this result, thus i n t e g rating along this line
so ur ce from -h to +h :
W V7
ÛP
- - . f i r )  j
-h *
w
(5.9)
Let
AK t 
s
d I = -da '
V AK t
Thus, as a ' h , Î ^  (z-h^^)
AK t 
z
w
AK t 
a
Therefore, e q u a t i o n  5.9 becomes;
AP = + Q P_
A / n ^ t ^ K  K 
X y
exp
- é p c A x - x ' )^ ( y - v ')^ j 
At I K% K_ /
The met ho d of images wh i c h  yields closed form  solutions 
by de ductive re aso ning requires that we define an image 
si n g u l a r i t y  or point s o urce across the bound ary in q u e s t i o n  
from the fundam e n t a l  si ng ularit y.  The image si n g u l a r i t y  
mu st  have just the strength, location, and ch a r a c t e r  to 
su cc e s s f u l l y  oppose the or ig in al one at the boundary^^.
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-a- +y
imag e1---1
-h
-X
+h
s o urce  (Q)
-y
+ &
/
7
X
Fig. 13. P a r t i a l l y  in j e c t i n g  line source w e l l  
in a re s e r v o i r  i n f i n i t e  in radi al exte nt but s emi- 
i n f i n i t e  in the v e r t i c a l  dir ection.
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(e-h ) /6yc
r " / 4K^t
—  \ exp C-3^) d % (5.10)
/ T  J
* .2,
C»+h )ljt_Ü£_
J 4 K  t 
’ 2
4P = + -- ^ I*... - exp
4 n c / K  :K 
X y
r ^ u c  /(x-x')^ , C y - y ’) “ ] *
I Ce+-i^ )[$ucI4K t / 4K t2 n I V  2
Ap = _  SjL
S n t / K  K 
X y
exp
z+h E-h
erf —  - ■ - erf -------------------------------- (5.11)
[ E Z
V  * p c
4K t
P a r t i a l l y  I n j e c t i n g  Source in a Thick 
F o r m a t i o n  of I n f i n i t e  Radial D i r e c t i o n
The n o - f l o w  b o u n d a r y  co ndi tio ns s p e c i f i e d  by e q u a t i o n
(5.5) may be sa t i s f i e d  by addi ng  an in finite  series  of image 
2 2
sources to the s o l u t i o n  of equation  (5.11), as i l l u s t r a t e d  
in Figure  14. Each  of the s e  images may be r e p r e s e n t e d  by an 
in tegra l of the type  used in eq uat i o n  (5.9). E a c h  of thes e 
i nt egrals may be tr a n s f o r m e d  as in eq uat io n (5.10) and the 
re sults ex p r e s s e d  as e q u a t i o n  (5.11).
A s s u m e  that the p e r m e a b i l i t y  is u n i f o r m  and h o m o g e n e o u s
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image
+ti
image'
image
-4h- -h
+ h
image
-2h
image
-h
z
+h
line
source
y y / ^  /■ // /Z
+2h
_____
image  --- -
-h
+4himage
I
T
image
+h
image
Fig. 14. Images used to satisfy no- f l o w  b o u n d a r y  
co nd itio ns  for a p a r t i a l l y  injec ting well in an infinit e 
thick formation.
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in the radial dir ectio n,  i.e., K =K =K :
X y r
K, = Kv;
Kv f K : and 
r
r^ = (x-rx*)^ + C y ^ y ’)^
Then the r e s u l t i n g  express ion for the pa r t i a l l y  injecting 
case is:
AP =  _
[- <i>ycr 
\ 4K_t
4Kvt
»-h
" erf
w
I 4Kvt
V 6 y c
 ^ 6
n=l
s +( 2nh-h ) 
erf — -------
14 Kv t
V éyc
z-(2n h + h  )
" erf —— —   ----îi- +
4Kvtf S
V èu
s+(2nh+h ) 
erf ...—  -  “ - erf
2+ ( 2nh-h )
I4Kvt S4Kvt4'uc ) (5.12)
It is noted  that in eq ua tion (5.12) when h = h, the
w
i n t e g r a t i o n  exten ds from -<» to + « . This case re du ces in the 
limit to a cont i n u o u s  infinite line  source, as shown in 
Chapt er IV. This sit ua tion assur es the co n v e r g e n c e  of the 
s u m ma tion be c a u s e  the error fu nc tion is know n to co nv erge 
for the limits -® and + “ .
Fina lly  the solut ion for the co nt i n u o u s  p a r tiall y
inje cti ng i n f i n i t e  line source can be ob tained by i n t e g r a t ­
ing the latter so lu t i o n  (5.12) over the interval 0 to T. For 
c o n v e n i e n c e  the fo l l o w i n g  s u b st it utions  are made:
b = h /h 
w
«p- B/h
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■■ ■ S h r  f  - - C ^ )  }
/ Q ^  <j)UC <Pvc
00 2 2 2 2 
r / ( 2 n + b - e  ) ^ h ^ \  / ( 2 n - b - e _ ) ^ h ^ \
+  r  U r f  (  — - S   -erf I  - T r - B  )  +
f /C2n+b-e ‘ ‘ Sn)  \
— y
^ ^yC
^  (2ti+b+g^)“h^'^
V /
+WC , ,.1/2 , 4%: , ,,1/
' /  (2n-b+6
erf I  TTz— -— — ) -erf' --------- ^
I 4Kv
(j>yc
(5.13 )
d t 
t
T
& - r
r w j 
/o
' 4 k V -  I U(t) (5.14)
w h e r e ,
IU(t) - Jl e //erf — ^  erf -    J' 4Kvt I 4Kvt(j) y c J 4 y c
(1 ^  ..
n = A  I4Kvt n
V (j)yc V
(2n+b-a )h (2n - b -2 )h
+ E erf  ----  — ------erf - -  -  ^—  +
- ' 4Kvt '
(J)y c
(2n+b+g )h (2n-b+g )h , .
erf r — ----- -erf - —  j| (5.15)
4KvtI 4Kvt r
V éyc V(jjyc  ‘|)yc
In order to m a k e  the re s u l t s  of this study g e n e r a l l y  
usef ul,  the p roble m will be c o n v e r t e d  to d i m e n s i o n l e s s  v a r i ­
ables. The variab le s are:
D i m e n s i o n l e s s  time:
____
t^ 2 (5.16)
948 !j)ycr
w
a n d ,
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D i m e n s i o n l e s s  Press;
„ _ K^h AP
D. " . 14.I.-2 qpB   (5.17)
D i m e n s i o n l e s s  radius;
= g -  (5.18)
w
D i m e n s i o n l e s s  thickness;
^D = r ~  j W  (5.20)
w '
(n) = 2n + b -
(n) = 2n - b - e
^ D
Mg(n) = 2n ^ b + 2^ (5.21)
M^(n) = 2n - b +
The q u a n t i t y .  \T/'l be rea rr anged:
( 9 4 8 (1)110 /
_______ h ^ ________h________
/ Kvt \l/2 /Kvt Ky rw2 \ 1/2 
V948 <f)yc/ 1948 ^vcr^y
T V
i -  r£r _
A l s o  J
dt . et„
‘'r “
E q u a t i o n  5.15 becomes:
K
1. * i * _____ £______* „ k. / *
 ^ 2 t^ 948*wcf^/
. e C ÿ )
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(■
n = r
. e r Æ  . V D
and eq uatio n 5.13 becom es:
(5.22)
D 2b D k r f  - e.f
Ç V ^ D  ) 
/
+ z ( r f  - er£ +  erf
n=l\ / 1^ /t%
erf " A )
D 
d t
and eq uat io n (5.14) becomes:
%
(5.23)
3 = —- / ^
D 2b I 
/ o
Pn = ^  r U (t^) dt^ (5.24)
It is t h e r e f o r e  a p p a r e n t  that N isle' s study becomes  
a s pe cial case of this fo rmul at ion, i.e., if we h a v e
c o m p l e t e  isotropy (K^ = = K ^ ) , w e  o b t a i n  N is le 's resul ts
CH A P T E R  VI 
N U M E R I C A L  CALCULATI ON S
In ord er  to in v e s t i g a t e  how partial  inj e c t i o n  and 
the e x i s t e n c e  of v e r t i c a l  p e r m e a b i l i t y  affec t p r e s s u r e  t r a n ­
sient curves, nu m e r i c a l  ca lc ulatio ns  must be p e r f o r m e d  over  a 
s u i t a b l e  range of valu es of these parameter s.  M o r e  rea li stic
c o ndit io ns wo u l d  also, con si der w e l l b o r e  st o r a g e  and skin 
2
effect . The p u r p o s e  of this study is to d e v e l o p  a meth od of 
d e t e r m i n i n g  h o r i z o n t a l  to ve rt ical p e r m e a b i l i t y  ratio and 
ski n r e gar dl ess of the e x i stence of w e l l b o r e  storage. The 
line  source w e l l  was considered be c a u s e  a study by Ag arwal 
et al^ s h owe d that w e l l b o r e  storage  causes time delays 
s u f f i c i e n t  that the li n e - s o u r c e  a s s u m p t i o n  is u su ally valid.
It is now imp or tant to note that e q u a t i o n  (5.24) 
is val id only in an a p p r o x i m a t e  way. The dim en s i o n l e s s  
p r e s s u r e  P^ is constan t throughou t the bor ehole, i.e., 
in reality we expect the injection pr essures to be 
i n d e p e n d e n t  of g and they w o u l d  differ only by virtue 
of the p o t e n t i a l  head of flowing fluid and f r i c t i o n  over 
the i n j ec ti on interval, assum ing the w e l l b o r e  is open. 
However, the f l o wl in es (see Fig. 15) d i v e r g e  away from the
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Fig. 15. F l o w  lines of a par t i a l l y  inj ecting  
well in a h o m o g e n e o u s  medium.
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penetrate d part of the f o r m a t i o n  and c o n s e q u e n t l y  the flow 
rate per unit thickness, q/h, chan ges w i t h  depth. The 
integr al the refore must be a f u n c t i o n  of the v e r t i c a l  
p o s i t i o n  of the point of re fe r e n c e ,  w h i c h  is expresse d by
To express as a func t i o n  of the total (constant)
rate of flow, w h i c h  is the integ r a t e d  v a l u e  of the v aryin g
rates per unit thickness, an a v e r a g e  val ue of the integral
must be used. If the a s s u m p t i o n  that fluid enters the
open interval at a constant flux is made, an unreal
pr es s u r e  d i s t ri bu tion alon g the inter val  is caused. The
p r o b l e m  faced, therefore, is to decide what pr es su re to 
take as the correct bo re h o l e  p r e s s u r e  in the u n i f o r m  flux
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solution. M u s k a t “ was the firs t to po int out this problem. 
He ma de a comp a r i s o n  b e t w e e n  u n i f o r m  flux and infinite  
c o n d u c t i v i t y  li n e - s o u r c e  so l u t i o n s  at ste ady state. In fi nit e 
c o n d u c t i v i t y  implies that the p r e s s u r e  in the w e l l b o r e  is 
un i f o r m  and the integral of the flux over the open interval 
is equal to the constant sp ec if ied rate. M u s k a t  de ter min ed  
the exact infi nite c o n d u c t i v i t y  so lut i o n  by brea k i n g  the well 
into discrete elements and ad j u s t i n g  their s t r e n g t h  by 
trial and error until the p o t e n t i a l  at the w e l l  s urface was 
found to be uniform, to as high  an ac cu racy as desired. He 
c o n cluded that the exact s t e a d y - s t a t e  w e l l b o r e  pr es s u r e  for 
a partially  penet ratin g well (infinit e c o nd uctivi ty ), could 
be ob tai ned  w i t h i n  0.5 percent, as sum i n g  a u n i f o r m  flux 
d i s t r i b u t i o n  at the wellbore, by compu ting the p r e s s u r e  at
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a l o c a t i o n  three-four ths of the d i s t a n c e  from the top of the 
o p e n  inter val to the b o t t o m  of the well. In a n o t h e r  study, 
G r i n g a r t e n  and R am ey^^ compute d an a p p r o x i m a t e  infi n i t e  
c o n d u c t i v i t y  l i n e - s o u r c e  u n s t e a d y - s t a t e  s o l u t i o n  and c o m p a r e d 
the resul ts w i t h  the us u a l  u n i f o r m  flux l i n e - s o u r c e  solution. 
Th e i r  results show ed that the s i m p l e r  u n i f o r m  flux u n s t e a d y -  
s t a t e  so lut i o n  of the p r o b l e m  of a p a r t i a l l y  p e n e t r a t i n g  
w e l l  yiel ds the va l u e  of the t r a n s i e n t  w e l l b o r e  p r e s s u r e  
c o r r e s p o n d i n g  to the th e o r e t i c a l  ca se of u n i f o r m  w e l l b o r e  
p o t e n t i a l ,  whe n co mputed at an e f f e c t i v e  a ve ra ge p r e s s u r e  
p o i n t  w i t h i n  the w e l lb ore. This po in t is l oc ated about 
70 perce nt  of the well l e ng th from  the re s e r v o i r  i m p e r m e a b l e  
b o u n d a r y  when the open interva l is at the top or b o t t o m  
of the formation, and abou t 70 p e r c e n t  of the well 
h a l f - l e n g t h  from the c e nter of the op en in te rva l if the well 
is o p e n  at the center of the formatio n.
It was decided to use the s e l e c t e d  v a l u e  of the
i n t e g r a l  at = .75b b e c a u s e  a recent result for tran si ent
2
flow, obtaine d by B i l h a r t z  and Ra m e y  agre ed  with Mus k a t ' s .
The ca l c u l a t i o n  of the f u n c t i o n  U (t^) and  its 
s u b s e q u e n t  i n t e g ration  was p r o g r a m m e d  for the IBM 370.
Fig. 16 is an i l l u s t r a t i o n  of U (t vs t^ and Fig. (17) is 
a flow chart of the c a l c u l a t i o n  proc ed ure.
The basic r e s e r v o i r  data used to g e n e r a t e  the d i m e n ­
s i o n l e s s  pressur e vs d i m e n s i o n l e s s  time Tables (4-8) are 
s h o w n  in Table 3. De ta ils  of the i n t e g r a t i o n  p r o g r a m  are 
i n c l u d e d  in Appen d i x  ( D ) .
uFig. 16. S c h e m a t i c  Gr aph of F u n c t i o n  U vs D i m e n s i o n l e s s  Time
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TABLE 3
BASIC PARAM ETERS USE D TO GENER A T E  D I M E N S I O N L E S S  
P R E S S U R E  VS D I M E N S I O N L E S S  TI ME F O R  A P A R TI AL LY  
I N J ECTING WELL
= 5, 20 , 80, 500, 2000, 200000 md 
K v  = 20 md
r = 0.25 ft, 
w
h = 2 5  ft.
—  =  100 
r 
w
K /Kv 
r
(K /Kv)l/2 
r
0.25 0.5 50
1 1 100
4 2 200
25 5 500
100 10 1000
10000 100 10000
1/2
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TABLE 4
D I M E N S I O N L E S S  PRESS VS DI M E N S I O N L E S S  TIME 
FOR A P A R T I A L L Y  INJECT IN G WELL
ho. ho = 50
b = .2 b = .4 b = .6 b = ,8
lE02 13.5356 6.7680 4.5119 3.3839
2 14.8718 7.4751 4.9837 3.7378
4 16.2238 8.1996 5.4675 4.1006
8 17.5850 8.9376 5.9607 4.4705
1E03 18.0243 9.1775 6.1212 4.5909
2 19.3910 9.9290 6.6244 4.9683
4 20.7585 10 .6 884 7.1336 5.3502
8 20.8249 10.7013 7.6479 5.4861
1E04 20.8742 10.9260 7.8583 5.6110
2 20.9108 11.0699 8.0275 6.0012
4 21.2574 11 .2 726 8.1187 6.3941
8 21.6039 11.4167 8.1957 6.7799
1E05 21.7155 11.5280 8.2741 6.8915
2 22.0621 11.8746 8.3207 7.2388
4 22.4087 12 .2212 8.8582 7.5846
8 22.7553 12.5678 9.0275 7.9312
1E06 22.8668 12.6793 9.1143 8.0428
2 22.2134 13.0259 9.4719 8.3894
4 23.5599 13.3725 9.8185 8.7359
8 24.9065 13.7190 10.1551 9.0825
lEO? 24.0181 13.8306 10 . 2657 9.1941
PR E S S  = P R E S S U R E
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T A B L E  5
D I M E N S I O N L E S S  PRESS  VS D I M E N S I O N L E S S  TIME 
FOR A P A R T I A L L Y  INJ ECTING 
.........WELL
^D
?D (tD' %D'
= 100
b = . 2 b = .4 b = .6 h = .8
lE02 13,5356 6.7678 4.5119 3.3839
2 14.9512 7.4756 4.9837 3.7378
4 16.3992 8.2012 5.4675 4.1006
8 17.8752 8.9411 5.9607 4.4705
1E03 18.3551 9.18 18 6.1212 4.5909
2 19.8581 9.6366 6.6244 4.9683
4 20.3765 9.7005 7.1336 5.2503
8 20.9071 10.1108 7.3349 5.5061
1E04 21.4010 10 ,1 221 7.8147 5.6310
2 21.9453 10.9024 7.8409 5.9112
4 22.2919 11.5883 7.8588 5.4041
8 22.6385 11.9237 8.2632 6.8899
1E05 22.7501 12.0353 8.3748 6.9035
2 23.0966 12.3819 8.7214 7.1481
4 23.4432 12.6285 9.0679 7.6146
8 23.7898 13.0751 9.4145 7.9412
1E06 23.9014 13.1867 9.5261 8.0548
2 24.2479 13.5332 9.8726 8.3994
4 24.5945 13.9807 10.2192 8.7459
8 24.9411 14.2253 10.5658 9.1025
lE07 25.0526 14,3379 10.6774 9.2104
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T A B L E  6
D I M E N S I O N L E S S  PR ES S VS D I M E N S I O N L E S S  T I M E  
FOR A P A R T I A L L Y  I N J E C T I N G  WE LL
*^ D
^D ^D' ^D =
200
b = ,2 b = .4 b = ,6 6 = ,8
1E02 13.5356 6.7680 4.5 11 9 3.3839
2 14.95 12 7.4756 4.9 83 7 3,7378
4 16.4024 8.2012 5 . 4675 4.1006
8 17.8821 8.9411 5.9607 4.4705
1E0 3 18.3636 9.1818 6 .1212 4.5909
2 17.8731 9.9366 6.6244 4.9683
4 21.4008 10.7005 7.1337 5.3503
8 22.9439 11.4722 7.64 81 5.6261
1E04 23.4436 11.7221 7.8147 5.7410
2 23.4624 12.3998 8. 42 82 6.1312
4 23.5535 12.4910 8 . 5668 6.5241
8 23.6974 12.6349 8 .7107 6.9099
1E05 23.8089 12.7464 8.8699 7.0235
2 24.1555 13.0930 9 . 1688 7.3681
4 24.5021 13.4396 9. 51 54 7.7146
8 24.8486 13.7862 9 . 9620 8.0612
1E0 6 24.9603 13.8977 9 . 8736 8.1748
2 25.3068 14.2443 10 .3 201 8.5194
4 25.6534 14.5908 10 . 6 6 6 7 8.8659
8 25.999 14.9375 11 . 0 1 3 3 9.2225
1E07 26.1115 15.0490 1 1. 12 82 9.3301
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TABLE 7
D I M E N S I O N L E S S  PRESS VS D I M E N S I O N L E S S  TIME 
FOR A P A R T I A L L Y  I N J E C T I N G  WELL
^D
?D Cto. b)
hp = 500
b = .2 b = .4 b = .6 b = ,8
1E0 2 13.53 56 6.7680 4.5119 3.3839
2 14.9512 7,4756 4.9837 3.73 78
4 16.4 024 8.2 012 5.4675 4.10 06
8 17.8 821 8.94 11 5.9607 4 . 47 05
1E03 18.3636 9.18 18 6.1213 4.5909
2 19.8731 9.9366 6.6244 4.9683
4 21.4008 10. 700 5 7.1337 5.3503
8 22.9439 11.4 722 7.6481 5.7 36 1
1E04 23.4436 1 1. 722 1 7,8147 5.8 61 0
2 24.0042 1 1. 902 4 8.3349 6.2512
4 25.5760 1 2. 688 3 8.8588 6.644 1
8 25.9226 13.1774 9.1106 7.0299
1E0 5 26.0341 13.2 889 9.2223 7.1415
2 26.3807 13. 635 5 9.5688 7.4 88 1
4 26.7 273 13. 982 1 9.9154 7.8346
8 27.0738 1 4. 328 6 10.2620 8.1812
1E0 6 27.1854 14 .4 402 10.3735 8 . 29 28
2 27.5320 14 .7868 10 .7201 8.6 294
4 27.8786 15.13 34 11.06 67 8.9859
8 28.2251 15.47 99 11.4133 9 .3325
1E0 7 28.3367 15.5 915 11.5248 9 . 4441
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TAB.LE 8
D I M E N S I O N L E S S  P R E S S  VS D I M E N S I O N L E S S  TIME 
F O R  A P A R T I A L L Y  INJ EC TING WELL
*^ D
= 1000
b = . 2 b = ,4 b = .6 b = ,8
1E0 2 13.5356 6.7678 4.5119 3.3839
2 14.95117 7.4756 4.9837 3.7378
4 16.4024 8.2012 5.4675 4.1006
8 17 .8 821 8.9411 5.9607 4.4705
1E03 18 .3636 9.1818 6.1212 4.5909
2 14.8731 9.9366 6.6244 4.9683
4 21.4008 10.7005 7.1337 5.3503
8 22.9439 11.4722 7.6481 5.7361
1E04 23.4436 11.7221 7.8147 5.8610
2 25.0042 12,5024 8.3349 6.2512
4 2 6. 576 0 13.2883 8.8588 6.6441
8 27.3191 13.9931 9.3560 7.0395
lE0 5 27.4307 14.1047 9.4626 7.1511
2 27.7772 14.4513 9.8091 7.4977
4 28. 123 8 14.7978 10.1557 7.8442
6 28.4704 15.1444 10.5023 8.1908
1e o 6 28.5819 15.2560 10 . 6138 8.3024
2 28.9285 15.6026 10.9604 8.6489
4 29.2751 15.94913 11.3070 8.9955
8 29.6217 16.2957 11.6536 9.3421
1E07 29.7333 16.4073 11.7651 9.4537
C H A P T E R  VII 
DISCU S S I O N  A ND RESULTS
In Chapter VI, a m a t h e m a t i c a l  mode l was dev i s e d  
to stud y the effect of p e r m e a b i l i t y  anisotropy and of limite d  
entry to flow on the p r e s s u r e  d i s t r i b u t i o n  resultin g from 
i n j e c t i n g  a c o m p r e s s i b l e  l i qu id at a const ant rate. The 
m a t h e m a t i c a l  analysis was s i m p l i f i e d  by c o n s i dering  the 
case of a we ll located  in an infi nite r e s ervoir  of co ns ta nt 
thickness, and it was as s u m e d  that this well is op en  over 
an in terval  adjacent to the upper (or lower) i m pe re able 
b o u n d a r y  of the formation. A well injectin g into an 
a r b it ra ry inter val  w i t h i n  the b u l k  of the for ma tion could 
be t reated  in a similar  way.
The effect of taking p e r m e a b i l i t y  an is o t r o p y  into 
a cc oun t was dealt w i t h  by a s i m p l e  tr an s f o r m a t i o n  of the 
co ordin at es. The e q u a t i o n  d e s c r i b i n g  the p r e s s u r e  d i s t r i ­
b u t i o n  for a well in a porous m e d i u m  of un i f o r m  but un equal 
h o r i z o n t a l  and ve rtic al  p e r m e a b i l i t i e s  was reduced to the 
eq uation for an is o t r o p i c  m e d i u m  m a ki ng  the i n t r o d u c t i o n  of 
ani so tr opy equivalent to a c o n t r a c t i o n  or ex p a n s i o n  of the 
coo rdi na tes. O b t a i n i n g  an a n a l y t i c a l  s o l u t i o n  to the
7 7
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pr o b l e m  of a well  p a r t i a l l y  inj ecting  into an anisotropic 
m e d i u m  was ther efore g re at ly simplifie d.
It was not a p p a r e n t  h o w  the c o m b i n a t i o n  of a n i s o ­
tropy and limited entry af fected  a p r e s s u r e  t r a ns ient curve 
from an e x a m i n a t i o n  of e q u a t i o n  (5.23), hence, n u m e r i c a l  
ca lc u l a t i o n s  were employed over a s u i t a b l e  ran ge of values. 
The inte g r a l  in eq uation (5.23) was  c a l c u l a t e d  nume r i c a l l y . 
Sy nt he tic d i m en si onless  p r e s s u r e  - d i m e n s i o n l e s s  time data 
we re o b t a i n e d  from these c a l cu la tions. Graphs 18 and 19 
are s e m i - l o g a r i t h m i c  p r e s e n t a t i o n  of vs t^ for a few
pa rti c u l a r  cases. The s y mbol in these graphs refers  to a 
d i m e n s i o n l e s s  inje ct ion pressure.
L imite d Entry Effects
In F i gure 18, a d i m e n s i o n l e s s  p r e s s u r e  q u a n t i t y  
based on the i n j ect io n interval, h ^ , is plotted vs d i m e n ­
sion les s time. The a bc is sa is the p r o d u c t  of b and .
It is noted that all of the curves of d i f f e r e n t  inj ecti on 
ratios ha ve two features in common:
(1) At early times the sl o p e  of the first se mi-log 
st ra ig ht line a p p r o a c h e s  that for 100 pe rcent 
injection, and
(2) At late times the slope of the secon d st ra ig ht 
line becomes very nearly b times the
slope for 100 p ercen t injection.
However, by plottin g d i m e n s i o n l e s s  p r e s s u r e  P^ vs
d im en s i o n l e s s  time t for a c e r t a i n  va l u e  of h^ and
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d i f f e r e n t  i n j ec ti on ratios. F i gu re  19 i l l u s t r a t e s  that at 
early times the slope of the first s e m i - l o g  s t r a i g h t  line 
d i f f e r  from the slop e of the line o b t a i n e d  w h e n  the total 
f o r m a t i o n  thickness is e f f e c t i v e  to f l o w  by the r e c i p r o c a l  
of the i n j e c t i o n  ratio and at late times the slop es of 
the seco nd se mi-log s t r a i g h t  line se gm e n t s  are equal to the 
slopes of total injection, but the curves for each i n ­
je c t i o n  ratio are p a r a l l e l  to the cu rve  of total injection,
i.e., each of the curve s obtained for d i f f e r e n t  i n j e c t i o n  
ratios is d i s pl aced fr om  the curve of total i n j e c t i o n  by 
a co ns t a n t  amount at late times. This c o n s t a n t  p r e s s u r e  
drop, pseudo- sk in, S^, may be caused by d i v e r g e n c e  of flow  
out of the open in ter v a l  as seen in Fig. 15 w h e r e  near  the 
w e l l b o r e  a sma lle r thickn ess of the f o r m a t i o n  is eff ective 
to flow and a lower t r a n s m i s s i b i 1 ity exists than fu rther  
out in the reservoir. This also fo ll ows  s i n c e  the effect 
of both  limited entry and an anisotropic f o r m a t i o n  wo ul d  
tend to create  a h i n d e r a n c e  to the flow of fluids into the 
formation. The p s e u d o - s k i n  factor m a y  be found by s u b ­
tracting the usual s e m i - l o g a r i t h m i c  form of the radial - 
flow d i m e n s i o n l e s s  p r e s s u r e  at large d i m e n s i o n l e s s  time 
from value s in Tables 4 through 8,
In Ta b l e  (9), the p s e u d o - s k i n  fa ctors for vario us 
v a lues  of pa rt ial  i n j e c t i o n  ratios and d i m e n s i o n l e s s  thi c k ­
ness are given. These val ues  are sho wn g r a p h i c a l l y  as 
Figures (20) and (21).
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T A B L E  9
P S E U D O - S K I N  F A C T O R  F O R  T A B U L A T E D 
b , VALUES
0 . 2 0.4 0.6 0.8
50 15.5545 5.3670 1.8021 .7305
100 16.5890 5.8743 2.2138 .7468
200 17.6479 6.5854 2.6646 0.8665
500 19.8731 7.1279 3.0612 0 . 9805
1000 21.2697 7.9437 3.3015 0.9901
5000 25.9166 9.5166 3.9785 1.1777
10,000 26.2208 9.6257 4 .0112 1.1837
or
€8
Fig. 21. P s e u d o - S k i n  Factor vs D i m e n s i o n l e s s  T h i cknes s
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Thus, it can be c o n c l u d e d  that flow into the w e l l b o r e  
w h e n  only a f r a c t i o n  of the f o r m a t i o n  is open to flow 
p r o d u c e s  a c h a r a c t e r i s t i c  sh ape  of p r e s s u r e - t i m e  data.
T h e r e  ex i s t s  two d i s t i n c t  fl ow periods; a radi al flow 
p e r i o d  occu rs at early time and after a period of transition, 
there is a p s e u d o - r a d i a l  flow  period. These flow pe riods 
ar e  evi d e n t  in Fi g u r e  18 w h e r e  the curves for the dif f e r e n t 
i n j e c t i o n  ratios m e r g e  b e c a u s e  the apparent  early radial 
f l o w  pe r i o d  is the same for all i n j e c t i o n  ratios. The 
s e c o n d  s e m i - l o g  s t r a i g h t  line is re ached  w h e n  p s e u d o - r a d i a l  
f lo w is fully develop ed. It must also be pointed out that 
the time the secon d s t r a i g h t  line be g i n s  d e cr ea se s as the 
i n j e c t i o n  ratio increases.
In co nclusion, limited entry to flow aff ects p r e s s u r e  
transient curves such that at early times the s lo pe of the 
f irst s t r a i g h t  line, radia l flow period, is i n v e r s e l y  p r o ­
p o r t i o n a l  to the i n j e c t i o n  interval thickness and f o r m a t i o n
h o r i z o n t a l  p e r m eabil it y, K h . At the late times the slope
r w
of the s e c o n d  st raight line, p s e u d o - r a d i a l  flow period, 
is i n v e r s e l y  p r o p o r t i o n a l  to the total fo r m a t i o n  thi ckness  
and the f o r m a t i o n  h o r i z o n t a l  p e r m ea bi lity, K^h.
E ff ec t of P e r m e a b i l i t y  A n i s o t r o p y
The a s s u m p t i o n  of c o m p l e t e  isotro py of p e t r o l e u m  
r e s e r v o i r  strat a is as much an i d e a l i z a t i o n  as that of 
s tri ct p e r m e a b i l i t y  u n i f o rm it y. W h i l e  the consen sus that 
p e r m e a b i l i t y  may vary very sli gh tly in diffe rent d i r e c t i o n s
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in the planes of be ddin g,  core ana ly ses s how that exact 
equality b e t w e e n  the perm e a b i l i t y  in the b e d d i n g  p la ne and 
normal to it is the e x c ep tion rather than the rule.
Whe n  the f lo w is t w o - d i m e n s i o n a l  in the bedding
plane, as in the ca se of c o m p l e t e l y  injecting  wells, the
p e r m e a b i l i t y  normal  to that plane does not enter the
problem, w h e t h e r  or not the m e d i u m  is isot ropic as shown in
chapter IV. On the other h and this perm e a b i l i t y  m u s t  be
t a k e n  into a c c o u n t  w h e n  there is a flow comp onent nor mal to
the be dd in g planes. The values of K /K = l and K = 0
r B a
correspond, re spectiv el y, to the case of an is otropic f o r m a ­
tion, and to the case of strict radial flo w confined to 
the part of the fo r m a t i o n  actu al ly p e n e t r a t e d  by the well 
w h e r e  limited entry effects would va n i s h  and the well  
w o u l d  be have as though the full fo r m a t i o n  thickness were h
w
Thus the d i m e n s i o n l e s s  thickness parameters , h ^ , 
e q u a t i o n  (5.20), repr esents an an is ot r o p i c  effect. The 
l i m i t i n g  con d i t i o n  of h^ ^ ™ would corr e s p o n d  to zero 
v e r t i c a l  pe rm e a b i l i t y .  This di me n s i o n l e s s  thickness 
i n fl uences  the p r e s s u r e - t i m e  re spo nse such that it d e t e r ­
mi nes the time at w h i c h  the first radial flow period of 
the limited entry curve diverges from the total injec tion  
curve. It also d e termin es  the time at w h i c h  the 
ps e u d o - r a d i a l  flow period begins. Fig. (22) shows this 
observation . It is also observed in Fig. (22) that as h^ 
increases, i.e., v e r tic al  p e r m e a b i l i t y  decreases, the
bP,
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transition b e t w e e n  the two s t r a i g h t  lines is dela ye d in 
time. It m u s t  also be noted that p s e u d o - s k i n  effect, S ^ , 
is also a f u n c t i o n  of h ^ . The se r esu lt s v e r i f y  B i l h a r t z ' s  
f indings .
D e t e r m i n a t i o n  of S k i n  Ef fe cts  in a Well 
_______________of L i m i t e d  Entry_________________
In c h a p t e r  III, it w as  found that the presence of
a low p e r m e a b i l i t y  skin a r o u n d  the w e l l b o r e  results in a 
loss of injecti vi ty. Since  l imited  entry also contrib ut es 
to the loss of inj ecti vity, t h erefo re , if p r e s s u r e  fall- 
off data o b t a i n e d  on a we ll  w i t h  l im it ed entry are used 
to establi sh  the prese n c e  or a b s e n c e  of skin (i.e., f or­
mati on  damage), and a c o r r e c t i o n  is not m a d e  for this loss
of inj ectiv it y, the c a l c u l a t i o n s  w o u l d  res ult in an
erroneous sk in value. They m i g h t  i n d i c a t e  the p r e s e n c e  
of fo r m a t i o n  damage w h e n  there is none, or they mi g h t  
i nd ic a t e  a v a l u e  larger than the true value. This could 
lead to an erro ne ous d e c i s i o n  for p l a n n i n g  reme d i a l  work.
F r o m  the abov e a n a l y s i s  of d i m ens io nless p r e s s u r e  
vs d i m e n s i o n l e s s  time data for an i n j e c t i n g  w e l l  the 
p r e s s u r e  r e s p o n s e  for the early time p e r i o d  is gi v e n  by 
eq u a t i o n  (4.11) w h e r e  the sl o p e  is p r o p o r t i o n a l  to 1/b,
(t) - P . -70.6 I n C - ' Z / w  ) (7.1)
K h b ; t
whe re P (t) and t c o r r e s p o n d  to any po i n t  on the initial 
semi- l o g  s t r a i g h t  line.
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If w e l l b o r e  d a m a g e  exists, the p r e s s u r e  d r o p  due  
to skin  wi ll be re l a t e d  to the i n j e c t i o n  thic k n e s s ,  h^.
(AP)g = 141.2 C7.2)
r w
(iP)^ - 141.2 f ^ ( s )  0.31
E q u a t i o n  (7.1) becomes:
/ . 44or ^
P - "i ■ - 2s) (7.4)
r ^
q u B / K t \
^wf - ^i = 1*2-* F - l T b ( l ° S  + .87S-3.23;
(7.5)
The sl ope of the first se mi- l o g  s t r a i g h t  line is:
"l ■ IGZ'G (7.6)
r
If the form at ion thickness, h, is unknown, then
” l ■ 162-6 f # -  (7.7)
r w
The rad ia l p e r m e a b i l i t y  can be c a l c u l a t e d  from:
qyB
k = 162.6
”‘l “w
r m,h  (7-8)
The skin effect can be ca lc u l a t e d  by r e a r r a n g i n g  e q u a t i o n  
(7.5),
/  Ct) - P. K t \
, = 1.15l( ------   1- - log ----j + 3.23 j (7.9)
^ 1 *pcr '
w
F r o m  a p r a cti ca l stan dp oint, the early s l o p e  will
n o t  always be ob serv ed  s i n c e  it occurs in m o s t  cases during 
the very  first seconds, or possibly, m i n u t e s  of a test. 
Further, the early slope is readily obs cu red by effe cts 
such as af t e r f l o w  or p h y s i c a l  w e l l b o r e  damage. The late
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slope is normally used to c a l c u l a t e  the total fo r m a t i o n  
transmis sib i l i t y .
As it was p r e v i o u s l y  noted the sl ope of the late 
times sec ond semi-log s t r a i g h t  line, p s e u d o - r a d i a l  flow 
period, is equal to the slo pe  of a t ota ll y i n j ec ti ng  
well, but the curve is d i s p l a c e d  by a c o n s t a n t  amount. This 
c o n s t a n t  pr ess u r e  drop due to p s e u d o - s k i n  effect, S ^ , is:
(4P) . (7.10)
D IT
Thus, the pr es s u r e  r e s p o n s e  for the la te  time peri od  is:
-  ’’l " - 7 ° ' G 2 (7-11)
w h e r e  (t) and t c o r r e s p o n d  to any po int on the second
s e m i - l o g  stra ight line.
If w e l l b o r e  d a m a g e  exists, the p r e s s u r e  drop due 
to skin will still be r ela te d to the i n j e c t i o n  thickness
h .
w
E q u a t i o n  (7.11) b ec om es :
P»f(') - h  ■ 1 * 2-6 f l ( l ° ®  -Sts - 3 .23)
r ' “ w b
The s l o p e  of the second se mi - l o g  s t r a i g h t  line is:
m = 162.6 (7.13)
2
The r a d i a l  p e r m e a b i l i t y  can be c a l c u l a t e d  from:
k = 162.6 (7.14)
r m^h
If both of the se mi-log  s t r a i g h t  lines are present, 
then the partial i n j ectio n ratio, b. can be o b t a i n e d  by c o m ­
bi ni ng equations (7.7) and (7.13).
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h
- 2  = = b - (7.15)
h
The ski n eff ect  can be c a l c u l a t e d  by r e a r r a n g i n g  eq uation (7.12):
/P (t) - P K t \
s = 1 . 1 5 1 ( b ) l - ^ -----------  - log - r  Z - .87S.+3.23 ]
\ ^2 /
(7.16)
Ho we v e r ,  the sk in effect is now a f u n c t i o n  of the
ps eud o- skin, S, , w h i c h  is a fu ncti on  of the i n j e c t i o n  ratio, 
b
b, and d i m e n s i o n l e s s  radiu s h ^ .
D e t e r m i n a t i o n  of V e r t i c a l  P e r m e a b i l i t y  
At the s t a b i l i z e d  state (often d e s c r i b e d  as the 
se mi-st ea d y - s t a t e )  the eq uation  for the ideal flow  into a 
well is:
q; . ( 7 . 0 7 * 1 0 -  ;  - .75) (7-17)
r
w
The i n j e c t i v i t y  index is:
II = ^ (7.18)
wf i In - .75 
fw
Thus the i m p a i r m e n t  of i n j e c t i v i t y  due to pa r t i a l  i n j e c ­
tion effects and due to the d i f f e r e n c e  in the v e r t i c a l  and 
h o r i z o n t a l  p e r m e a b i l i t i e s  may be given by:
r b
w
Us ing the d i m e n s i o n l e s s  v a r ia bl es  of Tab le  (3)  ^
a generated set of tables and/or plots will  give the
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ab i l i t y  to d e t er mine the d i m e n s i o n l e s s  thickness 
eas il y and accurately.
The im pa i r m e n t  ratio, I, can be calculat ed as a 
f u n c t i o n  of h^ and b for different d r a i n a g e  radii. The 
r es ult s are shown in Tables (10-12), and g r a p h ically  in 
F ig ure s (23-25).
M E T H O D  OF C A L C U L A T I N G  VER TICAL P E R M EABI LI TY AND
SKIN FACTORS OF P A R T I A L - F L U I D - I N J E C T I O N  WELLS
Bef or e p r o p o s i t i o n  of this method, it must be p oi nt ed 
out that limited entry to flow de cre ase s we ll inj ec ti vity
as does p e r m eabilit y aniso tropy. De cre a s e  in vertic al 
p e r m e a b i l i t y  lowers I. As a limit w h e n  the ve rtical p e r ­
m e a b i l i t y  is zero (h^ ^ “ ), I becomes equal to b, w h e r e  b 
is the fr ac tion of thickness open to flow. Since some 
d e g r e e  of aniso tro py is the usual case, in jectivities 
ca l c u l a t e d  on the basis of complete isotropy usually will 
be h i g h e r  than actual injectivi ties. This is true since
K < K in most p r a c t i c a l  cases.
•z r
The terms nee ded  in this simple ap pr o a c h  are easily 
obta ine d. They are the w e l l b o r e  radius, the radius of 
drain age , the f o r ma tion thickness, the thickness of the 
i nt erv al open to flow, the actual in j e c t i o n  rate and the 
idea l inj ec tion rate. In order to c a l c u l a t e  the verti c a l 
p e r me ab ility, the i n j e c t i o n  ratio can be cal culated from 
the ratio of the slopes of the early and late straight
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TABLE 10
I M P A I R M E N T  RAT I O  I AS A F U N C T I O N  OF b.
—  = 1320
b
Sb
“ w
i n ^
r
w
in ^  - 75 
r 
w
r
- ,75+S I 
w “
50 .2 15. 5 5 4 5  1320 7.1854 6.4354 21,9899 2927
.4 5 . 36 70  
.6 1 . 80 21  
,8 .7305
11.8024 ,5453 
8.2375 .7812 
7.1659 .8981
100 .2 16 . 5 8 9 0  
.4 5.87 43  
.6 2.21 38  
.8 .7468
23,0244 .2795 
12.3097 .5228 
8.6492 .7440 
7.1822 .8960
200 .2 17.6479  
.4 6.5854 
.6 2.6646 
.8 .8665
24.0833 .2672 
13.0208 .4942 
9,100 .7072 
7.3019 .8813
500 .2 19.8 73 1  
.4 7.1279 
.6 3.0612 
.8 .9805
26.3085 .2446 
13.5633 .4745 
9.4966 .6777 
7.4159 .8678
1000 .2 21 .2 697 
.4 7.9437 
.6 3.3015 
.8 .9901
27.7051 .2323 
14.3791 .4476 
9.7369 .6609 
7.4255 .8667
10000.2 2 6. 2208  
.4 9.6257 
.6 4.0112  
.8 1.18 37  ,
r ■
32.6562 .1971 
16.0611 .4007 
10.4466 .6160 
7.61 91 .8446
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.0
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Fig. 23. I m p a i r m e n t  Ratio I as a F u n c t i o n  of b, 
^  - " 2 °
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TABLE 11
I M P A I R M E N T  RAT I O  I AS A FUNCT IO N OF b
h^, —  = 2540
b
fe
r
w
In In ~  - .75 
. r r 
w  w
In—  -.7 5+8^ 
r b 
w
I
50 .2 15.5545 2640 7.87 85 7.1285 22.6830 3143
.4 5.3670 
.6 1.8021 
.8 .7305
12, 4 9 5 3  .5705 
8.93 06  .7982 
7.8590 .9070
100 .2 16.5890 
.4 5.8743 
.6 2.2138 
.8 .7468
23 .7 17 5 .3006 
13 .0 028 .5482 
9.3423 .7630 
7.87 53  .9052
200 .2 17.6479 
.4 6.5854 
.6 2.6646 
.8 ,8665
24.7764 .2877 
13.7139 .5198 
9 . 7931  .7279 
7.9950 .8916
500 .2 19.8731 
.4 7.1279 
.6 3.0612 
.8 .9805
27 .0 016 .2640 
1 4. 25 64 .5000 
10.1897 .6996 
8.1090 .8791
1000 .2 21.2697 
.4 7.9437 
.6 3.3015 
.8 .9901
28 .3 982 .2510 
15 .0 722 .4730 
10. 4 3 0 1  .6835 
8.1186 .8780
10000 .2 26.2208 
.4 9.6251 
.6 4.0112 
.8 1.1837 ’
3 3. 34 93 .2138 
1 6. 7 5 4 2  .4255 
11.13 97 .6399 
8.31 22 .8576
96
.0
.8
50 
100 ■ 
200
500 ■
1000 ■ 
10,000
z z
.6
.4
. 2
0
0.8 1.00.60.40.20
Fig. 24. I m p a i r m e n t  Ratio I as a F u n c t i o n  of b,
hjj, ^  = 2640 
w
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TABLE 12
I M P A I R M E N T  RA T I O  I AS A FU NC TION OF b,
8000
w
b
r
_e
r
w W
Cg Tq
In—  -.7 5 In—  .7 5+8. 
r r b 
w w
I
50 . 2 15.5545 8000 8.9872 8.2372 23.7917 3462
.4 5.3670 
.6 1.8021 
.8 .7305
13.6042 .6055 
10.0393 .8205 
8,9677 .9185
100 .2 16.5890 
.4 5.8743 
.6 2.2138 
.8 .7468
24.8262 .3318 
14.1115 .5837 
10.4510 .7882 
8. 98 40 .9169
200 .2 17.6479 
.4 6.5854 
• 6 2 . 6646 
.8 .8665
25.8851 ,3182 
1 4. 82 26 .5557 
10.9018 .7556 
9.1037 .9048
500 .2 19.8731 
.4 7.1279 
.6 3.0612 
.8 .9805
28.1103 .2930 
15.3651 .5361 
11.2984 .7291 
9.2177 .8936
1000 .2 21.2697 
.4 7.9437 
.6 3.3015 
.8 .9901
29.5069 .2792 
16.1809 .5091 
11.5387 .7139 
9.2273 .8927
10000 . 2 26.2708 
.4 9.6257 
.6 4.0112 
.8 1.1837
’
34.4580 .2391 
17 .8 629 .4611 
12,2484 .6725 
9.4209 .8744
’
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Fig. 25. I m p a i r m e n t  Ratio I as a F u n c t i o n  of b,
h„, —  = 8000
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lines if bo th  are p r e s e n t  or esti ma ted as sh o w n  below.
The radi al p e r m e a b i l i t y  can be c a l c u l a t e d  from eit her  
s t r a i g h t  line porti ons .
Fig. 27 is a f l o w  chart ou t l i n i n g  the p r o p o s e d  
method. Based on this o u t l i n e  an e xamp le  c a l c u l a t i o n  
will be us ed  to i l l u s t r a t e  the use of this m eth od .
P a r t i a l  I n j e c t i o n  Rati o C a l c u l a t i o n
In st ud yin g the eff ect of pa r t i a l  p e n e t r a t i o n ,  the 
m a t h e m a t i c a l  d e r i v a t i o n  was based on the a s s u m p t i o n  that the 
part of the open h o l e  is near the top of the fo rm a t i o n ,  such 
as in the case of p a r t i a l  i n j e c t i o n  w i t h  open hole completion, 
However, by mak in g use of sym met ry cons i d e r a t i o n ,  the met h o d s  
and curves can also be used if the open in te rval is s o m e w h e r e  
else in the well^.
1. Figure 26a r e p r e s e n t s  the case of a well w h i c h  
pe ne t r a t e s  a f r a c t i o n  h^ = 20 ft. of a f o r m a t i o n  of th i c k n e s s 
h = 100 ft.
2. In F i g u r e  26b, the w e l l b o r e  is open to the f o r m a t i o n  
over an inter va l of 20 feet in the m i d d l e  of the formation. 
Using sym m e t r y  c o n s i d e r a t i o n ,  it is seen that the same theory 
applies if the e f f e c t i v e  h is half the total f o r m a t i o n  
th ickness and co nsequ e n t l y , 
b . = 0.2
3, In F i g u r e  26c, the w e l l b o r e  is open to the
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fo r m a t i o n  in fiv e in tervals, t o t a l i n g  20 feet. Sy mm etry c o n ­
siderat io ns aga i n  show that the s a m e  t h eo ry  applies if the 
ef f e c t i v e  h is half the total sand thi c k n e s s  di v i d e d  by the 
n u mber  of intervals, and c o n s e q u e n t l y ,
b - = 0.2
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0.25'
100 ' 100 '
(a) (b)
4'
100 '
I I
I I
I I
J L J _ _ _
(c)
Fig. 26 (a).
(b) .
(c) .
Partial in j e c t i o n  in top of formation.
Pa rtial i n j ec tion in center of formation,
Pa rtial  i n j ection at variou s intervals 
in the formation.
102
C a l c u l a t e  thé i m p a i r m e n t  Ratio, I.
D e t e r m i n e  the v a l u e  of partial 
injectio n Ratio, b.
C a l c u l a t e  the skin factor, s, 
from equation (7.16)
D e t e r m i n e  the value of the dimension less  
thickness, h , from Figures 23-25.
D e t e r m i n e  the value of the ps e u d o - s k i n  
factor, S , from Figures 20-21.
C a l c u l a t e  the v a l u e  of vertical 
pe rm ea b i l i t y ,  Kv from equation (5.20)
Ca l c u l a t e  radial permeability, 
K^, from  the semi-log straight
li ne  p o r t i o n  of the fall-off 
curve using e q u a t i o n  (7 .13)
Fig. 27. F l o w  Chart O u t lin in g the Meth od of C a l c u l a t i n g  
V e r t i c a l  P e r m e a b i l i t y  and Skin Fac tor of 
P a r t i a l - F l u i d - I n j a c t i o n  Wells.
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E X A M P L E  CALCUL AT ION  
A wa t e r  i n j e c t i o n  well has be en  i n j e c t i n g  at co ns ta nt 
rate; q = 103 BPD, then it was shut-in for p r e s s u r e  fall- 
off analysis .
Data
g = 2200 psi, P^ = 1200 psi, y =• 1.0 cp
B = 1.05, c = 3. *10~^ psi~^, h^ = 20', h=40'
= 0.25', r^ = 660', (Ji = .18, q = 103 BPDr
w
P r o c e d u r e
1. From the f a l l - o f f  curve, the a b s o l u t e  v a l u e  
of the slope of the s t r a i g h t  line segment,
m^ = 84.5
2. Using e q u a t i o n  (7.1^1:
K = 162.6 
r m^h
„ _ (162 .6 )( 1 0 3 ) ( 1 . ) ( 1 . 0 5 )  , _  ,
^ r --------- (8V.'5) (40)  - 4-55 md
3. Using e q u a t i o n  (7.17):
= (7.0 7 ) ( 1 0 ~ 5 ) (4.5 5)(40)(2 200-1200)
^i ( 1 . 0 5 ) ( 1 . ) (In 2640-.75)
= 172 BBL/D
4: X = ^  = .6
F ro m Fig. 24, w e  obta in  h^  ^ = 500
5. The v e r t i c a l  p e r m e a b i l i t y  can be c a l c u l a t e d  using  
e q u a t i o n (5.20):
w40 /4.55
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. S
D r V K v
" 725
Kv = 0.47 md
6. From Fig. 20 w e  o b t a i n  the a m ount of ps eu do-  
skin
Sb = 4
7. U s i n g  the fall- o f f  curve, at sh u t - i n  time of
(10) hours P - from  the s t r a i g h t  line p o r t i o n  
wt
is 2000 psi. Thus we can now cal c u l a t e  the 
s k i n  from e q u a t i o n  7.16.
= _ . c.., _  Zl000zl20,g _ , „ (4.55) (10) ________
(1.151)(.5) ^ 84.5 ( . 1 8 ) ( 1 . ) ( 3 * 1 0 - % % . 2 5 ) ^
(.87) (4) + 3 .23^
s = +0.0 505
8. If we incre a s e  the ratio from 0.5 to 0.75, w i t h ­
out furth er d a m a g e  to the wel lb ore, therefore, 
from Fig. 24:
I = .79
and q = (.79) q^ = (.79)(172) = 135.88 BBL/D 
Thus, the i n j e c t i o n  rate can be increa se d by 
135.88 - 103
103 * 100 = 32%
CONCLUSIONS
The w o r k  r e p r e s e n t e d  he re may  be s u m m a r i z e d  as 
follows :
1. F r o m  the m a t h e m a t i c a l  an al y s i s  of the p r e s s u r e  
b e h a v i o r  of an i n j ec tion we ll  in a l i q u i d - f i l l e d  u n i t - m o b -  
ility - ra ti o reservoir, it has b e e n  d e m o n s t r a t e d  that the 
r e s e r v o i r  pressur e, the p o t e n t i a l  i n j e c t i o n  ca pac ity  of the 
f o r m a t i o n  and the d e gree of f o r m a t i o n  damage in the i m m e d i a t e  
v i c i n i t y  of the w e l l b o r e  can be estimated.
2. A  m a t h e m a t i c a l  m o d e l  was de ri ved and n u m erica l
c a l c u l a t i o n s  we re  used to stud y the effect of ani sotr op y  
on the p r e s s u r e  b e h a v i o r  of wells w i t h  p a r t i a l - f l u i d -
inj ection.
3. F r o m  the th e o r e t i c a l  re s u l t s  of this study, 
p a r t i a l  i n j e c t i o n  prod uc es a c h a r a c t e r i s t i c  shape of the 
p r e s s u r e  tr a n s i e n t  cur v e  w h i c h  dif f e r s  from the classic 
form, and this d i f f e r e n c e  may be u t i l i z e d  to estim a t e  the 
p a r t i a l  i n j e c t i o n  ratio. Ho wev er , it does not appear
f e a s i b l e  to estim a t e  the amount of p ar ti al i n j ection  from
actual fall- off curves due to skin and sto r a g e  effects.
4. The effect of pa r t i a l  i n j e c t i o n  is s im ilar to 
that of w e l l b o r e  damage. This  a d d i t i o n a l  p r e s s u r e  drop
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may be estima ted by p r o ce dure outl in ed in this study.
5. The a m ou nt of w e l l b o r e  d a ma ge may also be 
a p p r o x i m a t e d  for both isotropic and a n i s o tropic m e d i a  by 
p r o c e d u r e s  ou tl ine d in this study.
6. I n j e c t i v i t y  impa i r m e n t  chart similar to p r o ­
d u c t i v i t y  i m p a i r m e n t  chart of Brons and Ma r t i n g  was exten ded 
to include the eff ect of anisotropy,
7. A s i m p l e  m e t h o d  of de t e r m i n i n g  v e r t i c a l  p e r ­
m e a b i l i t y  in pa r t i a l l y  in ject in g wells is proposed. This 
m e t h o d  ut ilized  i n f o r m a t i o n  from pr ess u r e  transie nt  testing 
and injecti vi ty i m pairmen t charts.
NO M E N C L A T U R E
B = f o r m a t i o n  v o l u m e  factor, rub/STB
b = pa r t i a l  in jection ratio
-1 -1
c = i s oth er mal c o m p re ssibil it y, psi or atm
h = f o r m a t i o n  thickness, ft or cm
= len gth of line source or p e rfora te d thickness, ft or cm 
h = d i m e n s i o n l e s s  thickness
3 /
II = i n j e c t i v i t y  index, B P D / p s i o r
I = impai r m e n t  ratio
2
K = perme ab ility, md or ym
2
= rad ia l permea bility, md or ym
2
- p e r m e a b i l i t y  in the x - d i rec ti on, md or ym
2
Ky = p e r m e a b i l i t y  in the y-d ir ection,  md or ym
2
= v e r t i c a l  permeab ility , md or ym
2
Kv = v e r t i c a l  per meability, md or ym^
In = na t u r a l  logarithm, base e
m^ = slop e of e a rl y- time semi-log st raight line
m^ = slope  of late-tim e semi-log st ra ight line
P = pressure, psi or atm
Pjj = d i m e n s i o n l e s s  pressure
3
q = s ur fa ce flow rate, cm /sec or STB/D
r = radi al direction, ft or cm
r = w e l l b o r e  radius, ft or cm
w
107
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r = exter n a l  b o u n d a r y  radius, ft or cm 
e
r^ = d i m e n s i o n l e s s  radi us
s = true skin effect
= pseudo skin effect  
t = time, sec or hr or days
tjj = d i m e n s i o n l e s s  time
x , y , z  = C a r t e s i a n  c o o r d i n a t e s
z = v e r t i c a l  d i r e c t i o n
(f) = f r a c t i o n a l  p o r o s i t y
y = visc o s i t y ,  cp
 .................. . .. 0 . 0 0 0 2 6 4 K  . ft'
Ç = h y d r a u l i c  di ff u s i v i t y ,  ---— -------  in
:p c hr.
a v a r i a b l e  of i n t e g r a t i o n  
n = 3.14159
e = 2.71828
= e x p o n e n t i a l  function, e q u a t i o n  (3.5), T a b l e  1
erf = error function. Table 2
•k = m u l t i p l i c a t i o n  sign
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A P P E N D I X  A
P R A C T I C A L  UNITS USED IN THIS STUDY
Va r i a b l e  Units
c v o l / v o l / p s i
* fr ac tion
h ft
K md
VI cp
P psia
q STB/day
t days
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PLEASE NOTE:
T ab les 1 and 2 on pages 115 
through 119 have smal l  and 
I n d i s t i n c t  p r i n t .  F ilmed  
as re ce iv ed .
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TABLE 2
The p r o b a b i l i t y  integral, erf (x) vs x, (After P i e r c e  )
( é X ' - - )
z 0 1 2
0.00 O.f/Z /.O 00113 00226
0.01 0 9 X 2 : 01241 0135+
o.'/2  : 06 2256 0 /5 6 9 02+S2
0 0 3  ; 0.9332 + 03+97 03610
0.04 ! 0 M 5 1 1 64624 CH736
0-'.-5 1 0 9 '6 5 7 05750 05562
o '/5  : 0  'X.762 66 :75 (X /,:7
0.07 ; 0 .0 7 : 6 0 1 '/ , f t O '-.no
0 6 :  ! 0 v / :2 0 00252
0  .0 9 : 0 :912V 102 :0 10'.52
0.10 0.112+6 1I35S 11+70
0.11 0.125-32 12+74 12555
0.12 013176 135V7 1369%
0.13 O.I+.-':7 1+69S l+ V /9
0.14 0 .156,5 15S05 15916
0.15 0 .1 6 '. '/) 16',10 17020
0.16 0.17.61 1:011 1:121
0.17 0.1 " .9 9 19 :99 192 IS
0.13 6 2-,66+ 20205 29512
0 1 9 0 2I1V4 21293 21+Ü2
0.20 0.2: 27.9 22379 22 rS7
021 0 25552 23+60 23
0 2 2 0 2',-,30 2+537 2+645
0 2 3 0  2 - ’ 92 2=716
6.24 0 ; / ' 7 j 2 .677 267:3
02 5 0 -7 6 5 : 27739 27S + 5
0 2 6 0 2 9'.'.6 2 :795 2 : / : i
6.27 f, 2 ,7:2 2 .6 '-7 2.-7->2
6 2 : .7 : ’-, 3-'.-.92 ... . '. ,7
6.29 0 5:525 31922
6  3', . 0  5 : /.3 3 2 X 6 3 7 ' / 9
6 11 , 0.5 : .91 3 >'.63 3+-.66
0.52 1 0 5 + 9 :3 3 : 6:4 3 5 :1 6
0-33 ; 0  5-'.2V .5V/29 36 :30
6.3+ 0 369 .6 .57'. :7
0.35 0  37,5V 3 X - : i 3SÎ3V
0.36 0.3 :933 39033 391.51
0 3 7 0.3 /921 + 6 9 :9 +0117
025S 0.+C601 4 0 '/ .6 41096
0.39 0.41S7+ 41971 4206%
0.40 0.42V39 42935 4.3031
0.41 0.+ 3797 43592 4399%
0.42 0.4+747 4+S+i 4+936
0.43 0.45659 45732 45S7-5
0.4+ 0.4 6/,23 46715 4 6 V #
0.+5 O.+ 75+.3 + 7610 47732
0 4 6 0.45+66 + 3.557 4 i6 iS
0.+ 7 0 +  <575 49165 49555
0.4% 0.50275 50365 50+5+
0.49 0.51167 51256 513+4
COÎ30 
<AV.7 
0 2 '> 5  
0.3722 
0-Î iVj 
03075
o ; w
0 :2 23  
O o 3 ;i 
loio; 
lj;si 
12097 
ir-A-'j 
ir.'iv 
10927 
37130 
33231 
1032S 
23 :21 
21:10 
22 :95  
2 :0 70  
2 :7 52  
2 :323 
2 33:9
279:0
230'.0 
:3'350 
21191 
22’. 53 
23172 
3 :1 /2
3:21s
30231
172.",
33 :37
33230
40215
4110'r
42 :6 4
43127
44CS3
450.30
45070
40001
47524
4S730
40016
305+3
31433
00+51
OI5SO
02 70 :
05 .35
04902
r/J .'-û
07212
0:335
ovro
19:70 
11693
1250S 
13921 
15030 
10137 
172+1 
153+1 
10 537 
20530 
21019 
22704 
2375 + 
2+350
2:930
20.96
2 :056
29111
33101
322 + 3 
3 :275  
24390 
3:919 
305:2  
37333 
3 :3 37  
39329 
4031 + 
41291 
42261 
4322.3 
4+175 
4512+ 
46063 
46 .0+  
47916 
4 5 :3 0  
49736 
50633 
51521
00564 
01692 
02'-,20 
039+S 
05074 
OM2.0 
07.12+ 
0:4+7 
0956S 
166:7 
11:93 
12919 
1+012 
13141 
162 + S 
17351 
15+51 
19547 
296-9  
2172: 
22 :12 
2 7 '. - l  
2+''07 
20-937 
27192 
2:16: 
29217 
2-206 
21 3 '9  
223:6 
3 3373 
2 :4 93  
35421 
36 + 33 
3 7 ^3 : 
35+36 
3942S 
40+12 
413 :3  
42353 
43319 
4+273 
45219 
46 ! 57 
4 7 6 :6  
4X103 
4S',‘21 
•>9526 
5u72> 
51609
00677
015.05
0293.3 
040'60 
051S7 
06312 
074.37 
0 :559  
09650 
10799 
11916 
1.3031 
1+143 
15252
1635.3 
17+61 
15569 
19656 
207+3 
21 :36  
22920
2-999 
25074 
261+4 
27203 
2'1'A  
22322 
30379 
3 i: ; .3
22:50
33 = iO
3-'-:05 
35 :23  
.3653+
3753.3 
3S536 
39526 
40510 
41+36 
42+5+ 
43+15 
44393 
45313 
46250 
47179 
4.5 ICO 
+9012 
49916 
SvSll 
5:693
00790
01913
030+6
0+173
05299
06425
075+9
0S67I
09792
10911
12023
131+2
1+25+
153C3
1646S
17571
1&670
19766
20S57
219:5
2302S 
2+107 
2 5 U 1  
262-0  
27314 
2 ': 173 
29 + 27
31517
32553
335:3
3+607 
3562+ 
36633 
37633 
35635 
39623 
42603 
41533 
42550
435:0
44463
45407
463+3
47271
•13291
49103
50006
50",'0<j
517:6
00903
02031
03159
0+2.36
05412
06537
07661
OS7S4
0990 +
11023
121.30
13253
11363
15173
16579
176SI
1:7+0
19S73
26966
22053
23136
2+21 +
25 2 VS
26.157
27121
23179
29532
39579
31521
3 2 6 :6
3 3 6 :6
3+709
35725
3 6735
3773V
3 :7 35
3972+
+0705
41650
+26+7
43606
4+557
45501
+6+36
+ 7361
+ S2Ï3
49193
500C-6
5U9S9
51574
01016
02144
03271
0+39S
05525
06650
07773
0SS96
10016
11135
12251
13365
14476
15554
16659
17791
Io :9 0
199S+
21075
22162
2324+
2+322
25395
26163
27527
2S5V+
29637
.3'
21725 
32 :60  
3375: 
3 + S ll 
35527 
36S36 
3753% 
3SS3+ 
39522 
+0:03 
41777 
427+3 
43701 
44652 
45595 
46529 
47+56 
4S374 
+92:4 
501.S5 
5107% 
51962
^Pierce, B. 0. A Short Table of Integrals, 3rd e d . 
Boston: Ginn and Co. (1929), p. 116.
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TABLE 2-Continued
Z 0 1 2 3
OJO 0.52050 52138 52226 52313
0.51 0.52924 53911 53093 531S5
0 J 2 0.53790 53S75 53962 5404S
0.53 0.54646 54732 54817 54992
0.54 0.55494 555 78 55662 55746
0.55 0.56332 5 « 1 6 56499 56582
0.56 0.57162 57244 57326 57409
0.57 <157982 55963 58144 5f.226
0.58 0.58792 55X73 58953 59034
0.59 0.59.594 59673 59753 5." '3 2
0.60 0.69386 60164 60513 60021
0.61 0.61168 61246 61323 61431
0.62 0.61941 62018 62695 62171
0.63 0.62 7ÜS 627.50 62856 62-9.12
0.64 0.63459 63533 63603 63683
0.65 0.61203 64277 64351 61424
0.66 0.64938 65011 65083 <5156
0.67 0.65693 65735 65807 65878
0.6S 0.6/..37S 664 iO 66520 60591
0.69 0.67084 67154 67 2 :4 67294
0.70 0.677S0 67849 6791S 67957
0.71 0.68167 68535 6 Î'.0 3 6:671
0.72 0.69143 6.C10 69275 69 :4-4
0.73 0.69-30 6'.' <77 6 '.'91.3 76.0-9
0.74 0.701-.S 70533 705VS 7'.',:.4
0.75 0.71116 71180 712 14 71.:-,'s
0.76 0.71754 71S17 T: .'U 7191.1
0.77 0.72382 72114 72<'.»7 73509
0.78 0 .7 -(.L l 73002 731:4 73:94
0.79 0.73610 73671 73731 7,1791
0.80 0.74210 7-270 74329 71388
0.81 0.74 SUD 74859 74917 74976
0.82 0.75381 75439 75496 75553
0.83 0.75952 76009 76066 76122
0.84 0.76514 76570 76/^26 7(931
0.85 0.77067 77122 77176 77231
0 8 6 0.77610 77664 77718 77771
0.87 0.78144 78197 78250 78302
0.83 0.78669 78721 7877,3 78924
0.69 0.7918 4 79235 7 9 2 :6 79337
0.90 0.79691 79741 79791 79841
0.91 0.80188 80 :38 80 :37 £9336
0.92 0.S0677 £0725 80773 808 :2
0.93 0.81156 81204 81 :51 8 1 :9 )
0.94 0.81627 81674 81720 31767
0.95 O.Si-JiO 82135 82 1 :0 8 :2 :6
0.96 0.82542 S25S7 8263 / 82677
0.97 0  829.07 83031 83075 83119
0.98 0.83423 83466 83 5 ,9 83552
0.99 0.S3S51 63893 83935 83-977
5 6 7 8 9
52483 52576 52663 52750 528.57
53358 53445 53531 53617 53704
54219 54305 54.390 54476 54561
55071 55156 55241 55325 55410
55914 5599S 56932 56165 56249
56748 56831 56914 56996 57079
57573 57655 577.37 57818 57900
5S3SS 5S46V 58550 58631 5.8712
59194 59274 59354 59-134 59514
599V1 61X170 64j ! 19 60223 (.0307
6077,S 60856 <;0<.'34 61012 clüOO
61556 61633 61710 61787 6 ; .£6-4
62324 62400 62477 62553 62629
63983 6.31.53 6.1233 6.430-4 <3.:8 4
6.38.32 63966 65981 64055 64129
64572 64645 64718 64791 64895
65-01 65374 6 5 !-6 65519 65391or:-22 66093 66165 66236 66307
66732 <V'.503 66873 66944 67014
67433 07503 67472 67612 67711
6 8 1 :3 « 1 9 3 68262 6X330 6X39S
68506 6X874 61641 6-,099 6 9 0 /6
6 9 4 .8 6-/545 696 i 1 69678 6 9 /4 4
701 10 70706 7C.'72 70.:.; 7 7010.1
7o7"3 70- <X 7(ri.’ .! 7 (/:£7 7 I6 < I
71 1 16 7IXN/ 714,'.; 71(..-7 70 .% )
721 ( 0 7.11.1.1 7.’ 1‘ '4 72257 7 .'.;.()
7 . ' i ' . ; 727 55 7.’ '-'!(, 7 ." ,;.S 7.-M 0
7.11:17 73 !<:■; 711.") 7.1I.S-) 7.< ;‘,i)
73911 7./.'71 7 u n i 7 4 0 ' i 74 151
74506 74565 71624 74683 74742
75092 7.5150 7.5.93 75266 75323
75C9S 75725 73782 75839 75896
76234 76291 7 6,3 47 76403 76459
76792 7(95-47 76902 76957 77012
773 40 77394 7,443 77502 77556
77S7S 77932 77955 78038 78091
78190 78160 78.512 78565 73617
7S923 78979 79031 79082 79133
79439 79489 795 lu 79590 796:1
79911 79:".-0 SCO 40 S O K J S0139
£01,34 £0-1,52 80531 80580 £0628
£091.3 86966 81013 81061 S11C9
81393 81440 81437 81534 81530
81859 81905 s ; 9.51 819-97 S2W 3
82317 82362 8:107 S2452 •S2497
82766 £ 2 5 :0 82855 £2899 8 :9 43
8 3 :9 6 83250 83293 83337 £ 3 :2 0
S333S 83681 8.3723 S37C6 S.3S0S
84061 84103 84145 S41S7 54229
52401
53272
54134
54957
55530
5Î//4
57491
555Ù7
50114
5 /0 12
CH'jO
61475
6224S
65007
63757
64 -.95
65220
65950
f'0^62
6 /3
6 '0 5 6
i.vill 
766,75 
7u75^  
71372 
7.3i<'(, 
7.0.31 
7 3 2 ;6  
73351 
447 
75034 
75611 
7617S 
76736 
77295 
775:5 
75355
75376
703SS 
7 0 9 '1  
&03S5
%  9 70 
S134 6 
M i l  3 
62271 
92721 
£3162 
£3505 
Si 020
00
T3
(U
3
C
•rt
4J
C
0 
U
1
CN
w
t-J
pq
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H
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A P P E N D I X  C
M A T H E M A T I C A L  D E R I V A T I O N S  SH OW I N G  THAT E Q U ATION 
(4.2) IS A  S O L U T I O N  TO THE PART I A L  D I F F E R E N T I A L  
. E Q U A T I O N  (4 .1)
A s o l ution of a pa rtia l d i f f e r e n t i a l  e q u ation in 
som e region R of the s pac e of the i n d e p e n d e n t  v a r ia bles is 
a f u n c t i o n  w h i c h  has all the partial d e r i v a t i v e s  appearing 
in the equa ti on is some domain  cont ainin g R, and satisfies 
the equati on ever y w h e r e  in R. (Often one m e r e l y  requires 
that the funct io n is con tinuo us  at the b o u n d a r y  of R, has 
those der iv a t i v e s  in the interior of R, and s a t isfie d the 
e q u a t i o n  in the interi or of R .)
A p p lying this co ncept to the p r o b l e m  at hand; we
have:
The d i f f erentia l e q u a t i o n  is:
The solution is:
( x- x* )^ (y-v ')^ , (s-b )^ )l
(C2)
D i f f e r e n t i a t e  (C2) twice w i t h  respect to x, y, and e;
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3/2
_ ^Q(ituc) -^ 2 (x-% ' )è PC A
'   ■
w h e r e .  A  = + i Z r t i l  +  i m z & D l
X y «
2 3/2
3 P _ -2 (.(j)uc J Q(ij)iic) _____ _____  A r-2 Cx-x*)6uc .
ax" ' «*'= ■
.... _  # ....
-2 (x-x'^Uc . Q(&wc) ’ A
8 ( n ^ t ^ K  K K 
X y «
T h e r e f o r e ,
K . i f p  _ zL  • QCai.c)^^^  A 1_. Q(6uc)7/2 (x-x')2 A
3x^ (n^t^K K ^ K g ) l / 2  32 ( 3 ^ 7 ^  ^ K ^x
X y a X y «
(C3)
S i m i l a r i l y ,
„ i f p  . c l  Q(jilJc)^''"_________  A 1 ________ . (v - v m " a
y 3y" ' “  ( „ " t \  K K )"/" K K,):/"  S  '
% y 2 X y 2
(C4)
And ,
■fr 3 _ z i  Q(<5uc)   A 1_ Q ( *yc) _. (e-2 ' ) ^  A
' 3e" ‘ “  (n"t=K K K („"t"K K K )"/" \  '
X y 2 X y 2
(C5)
Therefore, the left hand side of equatio n (Cl) is:
- 3 _  Q(evic)^^" A Q____________ _________  A /(x-x')" +
K ' "" ( n \ " K  K K ):/" ' I <=..X y 2" X y 2
(C6)
'^.V K, /
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Now d i f f e r e n t i a t i n g  eq uat ion <C2) wiuJi r e s p e c t  to t, we  o b t a i n
the r ig ht  han d  side of eq uat io n (Cl) ;
0 (Auc)^/^ A ^ ^  (6uc)7/2
a t  "  1 6  .  ^ 1 / 2  ' 3 2  _  , 1 / 2(n t K K K ) ' (n t K K K )■
X y « X y «
/ (x-%')2 Cy-y']2 + (e-e')2 )
( s  ^  /
(C7)
Fr o m  e q u a t i o n s  (C6) and (C7), the left hand si de of e q u a t i o n  (Cl) 
is equal to the right hand side, i.e., e q u a t i o n  (C3 is a s o l u ­
tion to e q u a t i o n  (Cl).
A P P E N D I X  D
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Fig. 17. F l o w  chart of co mputer program,
Start
Set counter 
kk = 1
Set Counter
Specify i n j ection ratio
I n i t i a l i z e  time and 
________p re ssure
C a l c u l a t e  the point 
of reference
Specify va lue of d i m e n s i o n l ess 
thickness
Read in data; i n j ec ti on ratios, d i m ensi on less  
thicknesses; in itial time, final time and i n c r e ­
ment of i n t e g r a t i o n
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G >
[ g o  y
In c rem en t 
time by AT 
T = T + AT
ZZL___
I n c re ment  
I by 1 
I = I+l
No
C a l c u l a t e  number of 
i n t egratio ns , NF
Set c ou nt er 1 = 1
C a l c u l a t e  the limits 
of i n t e g r a t i o n  A, B
3
I nc r e m e n t  pr essu re  
by s imp
Press = Press + Simp
(Wri t e  Results
numb er
C a l c u l a t e  the value  
of the f u n c t i o n  U
Func t ion 
U
- ►
C a l c u l a t e  pres su re 
drop by i ntegr at ing 
the f u n c t i o n  U
zzz Func t ion s imp
Y es < D
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total
No
Yes;.
k = total 
number of 
inj ec t io n 
ratios
No
Yes
Stop
kk
number of 
d i m e n s i o n l e s s  
.thickness >
Incremen t 
kk by 1 
kk = kk+1
I n c re ment
k+1
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F O R T R A N  IV G L E V E L  21 MAIN
0001
0002
0 0 0 3
0 0 0 4
0 0 0 5  
O O O ô
0 037 
0 0 0 8
0 0 0 9
0010 
0011
0012
0 0 1 3
0 ) 1 4
O O l S
0 0 1 6  
0 0 1 7  
0 016 
0 0 1 9
0 020
0021
0022
0 0 2 3
0 0 2 4
0 0 2 5
0 0 2 6
0 0 2 7
0 0 2 6
0 ) 2 9
0 0 3 0
0031
0 0 3 2
0 0 3 3
0 0 3 4
0 0 3 5
0 0 3 6  
0 0 37 
0 0 3 3
d i m e n s i o n  B8(5)f5ErA( 6 ) . P R E S S ( 
EXTERNAL U 
C SB IS P E N E T R A T I O N  RATIO.BETA IS
P E A D t 5 . I)( B 6 < K ) . K = l .I I )
1 F0RMAT(4F10.2>
R E A D (5.2){B E T A ( K K ) . K K = l .JJJ
2 FCBMAT(2F10.2)
C TI.TF.AND DT ARE T m E INITIAL TI
C OF INTEGRATION R E S P E C T I V E L Y .
C t h e  PROCESS OF INTEGRATION HAS
R E A D ! 5 . 2 0 ) ( D T ( J J .T F ( J ).J = 2 .5)
20 F0RMATISE7.0)
P E A D ( 5 . 3 3 ) M.N.TI ,1 I ,JJ.EPS 
33 F 0 R M A T(I2.I2.F5.0.2I2.FI0.7)
D O  3 K=l.II 
C 0 IS ZD=Z/M
0 <K)=0.75*BBIK)
DO 3 K K = 1 .JJ 
A = A L Q G ( T I )
J=1
C SINCE THE INTEGRATION CANNOT BE
C - A N E Q U S  INFINITE LINE SOURCE El
C T H E  AREA UNDER THE CURVE C= T H E
C DI'VSNSICNl E S S  PR SE EUR 5 DRCP.
PRESS(J)=(ALOG{ TI )+.3iR07)/(3 
DO 3 J=2.4 
WRITEI6.2 JO)
200 F O R M A T ! • I■ .4X . • BS ' ,10X. ' 
11 OX. *01 VFNSe-ONLESS TIME' .//] 
P R E S S ! J ) - P R E S S ( J - I )
C D E T E RMINE THE NUMBER 0= INTEGRA
NF=!TF!J)-TI)/0T!JJ 
DO 30 1 = 1 iNF 
T0=FLCAT!I)*DT!J)
B = A L C G ! T O )
F=Q(0.B8.BETA,M,K.XK.TCJ 
C F U N C T I O N  Q IS USED TO D E T E RMINE
IFIF.LE.EPS) GO TO 297 
C the VALUE OF F DETERMINES T^r- j
C L O N G E R  A F U N CTION OF THE PENETF
GO TO 293
P=PKCSS!J)+O.S*!B-A) 
w RITE!6.300) B E ! K ).B E T A ! < K ) . P .T 
GO TO 30
PRESS! J) = PP.ES3!J) +5 1MPI A .B. N .U . 
•KRITEIô. 300 ) PB!K) .3ETA!Xi<) .PPi- 
FOPMAT! IX.FI 0.2.ax.FI 0 . 2 . 6 X . F 2 5 
A = B
C ONTINUE 
CONTINUE 
STOP 
END
297
293
299
300
30
3
D A T E  = 78 3 37 11/02/24
5) .0!6).TF!S).CT(SJ
D I M E N S I O N L E S S  THICK N E S S
Me. THE FINAL TIME AND INCREMENT 
BEEN D I VIDED INTO FOUR P*RTS,
STARTED AT TIME ZFRC . THE INSTANT 
F U N C T I O N  APPROX I MAT ICN IS USED 
F U N C T I O N  U!TO) IS EQUAL TO THE
E!K}*2.0)
B E T A •.1 8 X . 'd i m e n s i o n l e s s  P R E S S ' >
riCJNS .NF
THE V A L U E  OF F U N C T I O N  U .
IMS AT WHICH THE i n t e g r a l  IS NO 
ATION R A T I O  AND/OR THE ANISOTROPY.
r.. -33 . BET A . M , K . KK ) / 1 68 I K ) *2 . 0 )
SS!J).TO
.S.PX.F15.0)
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F O R T P A N  IV G L E V E L  21 SIMP D A T E  = 7 7 3 SI 11/31/41
3JJ1 F U N C T I O N  S I M P ( A , B . M . U . D . 3 B . B E T A . M . K . X K )
0 0 0 2  d i m e n s i o n  D ( 6 ) . a a ( 6 ) , B £ T A (  6)
C T H E  F U N C T I O N  S I M P  USES N APPLICATIONS O F  S I M P S O N ' S  RULE TO
C C A L C ULATE numeri c a l l y  THE INTEGRAL Or U t T ) * O T  B E T W E E N  INTEGRATION
C L I M I T S  A AND B . SUMcNO IS T h e  SUM OF ALL U t T ( !)) FOR EVEN I
C ( E XCEPT F O R  U(7(2*N)1 WHILE S U M M I D  IS T H E  SUM OF ALL U(T(II I FOP
C I ODD. H IS THE STEPS IZE BETWEEN A D J A C E N T  T(I) AND T W O H  IS THE
C L E N G T H  OF T H E  INTERVAL OF INTEGRATION F O R  E A C H  I N D I V I D U A L
C A P P L I C A T I O N  OF SIMPSON'S RULE. LL IS T H E  ITERATION COUNTER.
C . . . . . i n i t i a l i z e  P A R A M S ' E P S  ...»
0 0 J 3  T W 0 H = ( B - A ) / N
0 0 0 4  H = T w 0H/2.0
0 0 0 5  S UMEN0=0.0
3 3 3 6  S UMMID=3.3
C .... E V A L U A T E  SUMEND AND S U M M I D  ....
0 0 0 7  00 200 L L = 1 «N
3 3 3 8  T = A + F L C A T ( L L - 1 ) * T W Q H
0 0 0 9  T H = T + H
0 0 1 0  S U M E N D = S U M E N D  + U£ D.3 8 . 3 ! T A . M .K , K K , T )
0011 200 S U M M I D = S U M M I D  + U ( 0 , 5 3 . 3 ‘:TA.M,K,KK,TM|
C .....RETURN E S T I M A T E D  vAUUE OF THE INTEGRAL .......
0 3 1 2  A A A = U ( 0 . 3 B . 3 E T A , M . K . K K , A >
0 0 1 3  BeB=U(D,3B.BETA.M,K.KK,9>■
0014 SIMP=(2.0*SUM£ND+4.0»SI-MMIO-AAA+888) *H/3.0
3 315 R E T U R N
0 0 1 6  END
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FORTHAN IV G L E V E L  21 U DATE 773 51 11/31/41
33 Jl 
0002
0003
0334
0 0 0 5
0006 
3 3 37 
0008
0009
0010 
0011 
3312
0013
0 0 1 4
0015 
3316
0 017
0 018
F U N C T I O N  U l D . e e . d E T A . M . K . K K . T D )
D I M E N S I O N  8 8 ( 6 : ,BETA( : I .0(6) .E M I (20).E M 2 (20).E M 3 ( 2 0 ) . E M 4 (20)
C U IS A FUNCTION OF PENETRATION RATIO , DIMENSIONLESS WELL80RE
C t h i c k n e s s  , AND DIMENSIONLESS TIME.
C F U N C T I O N  U IS USED TO EE INTEGRATED WHERE THE L I M I T S  CF INTEGPAT-
C  ION ARE IN t h e  f o r m  OF N A T URAL LOGS.
C  TO IS D I M E NSIONLESS TIME.M IS THE NUMBER OF SOURCE IMAGES USED.
TOS=SORT(TD)
B T 0 = 8 E T A(KKI/TDS 
S U M = 0 . 0 
DO 100 J=1.M 
' Y=FLOAT(J)
E M K  J)=2.0*Y+3B(K)-0(K I 
EM2( J)-=2. )*y-BB(K)-D(K)
E M 3 ( J ) = 2 . 0 « Y H B P ( K ) + D ( K :
EM4{ J) = 2.0*Y-i9B<K> + D(K)
133 S U M = S U M + E P F ( 5 M 1 < J )* 3 T D l - E R F < E M 2 <J )* 8 T 0 )H E R F C E M 3 ( J )wBTD)-ERF{
C EM4(J)*BTD> 
e=EXP<-1.0/TD)
G = E R F ( ( D ( K ) t BB(K))*BT0)
H = E R F { ( 0 ( K ) - B B ( K ) ) * 8 T D )
U=(E4t(G-H)+SUM))/(2.3)
R E T U R N
END
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